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Phonons



Thermal properties 
1. Determine the dispersion relation:

Write down the equations of motion (masses and springs).

The solutions to these equations will be

Substitute the solutions into the equations of motion to determine 
the dispersion relation. 

2. Determine the density of states numerically from the dispersion 
relation

For every allowed k, find all corresponding values of w. 

( )D w

k



Linear Chain - density of states

Determine the density of states numerically 4
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Density of states → energy spectral density 

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2uw.html





Density of states → Internal energy density

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2ut.html



Specific Heat 

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2cv.html



Heat capacity / specific heat 

Specific heat is the measure of the heat energy required to increase 
the temperature of a unit quantity of a substance by a certain 
temperature interval. 

Heat capacity is the measure of the heat energy required to increase the 
temperature of an object by a certain temperature interval. 

For solids, the heat capacity at constant volume and heat capacity at 
constant pressure are almost the same.

The heat capacity was historically important for understanding 
solids.



Density of states → entropy density 

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2s.htmll



Density of states →
Helmholtz free energy density 

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2h.html





Thermal properties 
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internal energy density 
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specific heat 
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entropy density 

    3

0

ln 1 exp    J/mB
B

f T u Ts k T D d
k T

ww w
               




Helmholtz free energy density 



Silica Melt

α-Quartz
trigonal

2.65 g/cm3

573°C
β-Quartz

hexagonal
2.53 g/cm3

870°C
β-Tridymite
hexagonal
2.25 g/cm3

1470°C

β-Cristobalite
cubic

2.20 g/cm3 

1705°C

Quartz

f-f0

T







ZnO



ABX3

Ferroelectricity

Perovskites

Spontaneous polarization
Analogous to ferromagnetism
Structural phase transition
Tc is transition temperature

Electric field inside the material,
is not conducting



Ferroelectric domains 

Increasing the electric field polarizes the material.



BaTiO3

cubic (contains i = > 
no spontaneous P)

Can be used to make 
nonvolatile memory



BaTiO3

Can be used to make 
ultracapacitors
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Ferroelectric

Paraelectric state 

Above Tc, BaTiO3 is paraelectric. The susceptibility (and 
dielectric constant) diverge like a Curie-Weiss law.

1

cT T
 



This causes a big peak in the dielectric constant at Tc.
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Paraelectric



PbTiO3

Pyroelectric 
constant

Dielectric constant

Specific 
heat
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Polarization



Waves and particles

The eigen function 
solutions of the wave 
equation are plane 
waves. The scattering 
time is one over the rate 
for scattering from a 
given plane wave 
solution to any other.

Phonons are particles. The 
scattering time is the time before 
the phonons scatter and randomly 
change energy and momentum.

The average time between scattering events is tsc = 1/G

p k




E = ħw



Heat transport (Kinetic theory)

Treat phonons as an ideal gas of particles that are 
confined to the volume of the solid.

Phonons move at the speed of sound. They scatter due to 
imperfections in the lattice and anharmonic terms in the 
Hamiltonian.

The average time between scattering events is tsc

The average distance traveled between scattering events is the 
mean free path: l = vtsc ~ 10 nm



Diffusion equation/ heat equation 
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Continuity
equation

Fick's law

Diffusion constant



Random walk 

 2exp x

Central limit theorem: A function convolved with itself many times forms a Gaussian
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Thermal conductivity
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Average particle energy
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Thermal conductivity
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Material  Thermal conductivity W/(m·K) 
Glass 1.1
Concrete, stone 1.7
Ice 2
Sandstone 2.4
Sapphire 35
Stainless steel 12.11 ~ 45.0
Lead 35.3
Aluminum 237 
Aluminum alloys 120—180 
Gold 318
Copper 401
Silver 429
Diamond 900 - 2320
Graphene (4840±440) - (5300±480)
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Thermal conductivity


