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Particle beams

Particles moving in vacuum have the following energy-
momentum relation.

mvz B p2 - h2k2 B h2

E=+ = 5
2m  2m  2mA

If A 1s much smaller than the distance between atoms, you
can generate a diffraction pattern.



LEED

Low Energy Electron Diffraction
100V > k~5x1019m!

Clean Pd (111) Pd (111) + 0.3 ML VO

X

LEED is surface sensitive




http:/lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/atomicformfactors/LEED.php

Energy of the electron beam: 100

Primitive lattice vectors:

Basis:

The positions of the atoms are given in fractional coodinates between -1 and 1.
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Electron diffraction in a TEM

The wavelength of the electrons is typically much smaller
than the lattice spacing. The diffraction peaks in the plane
perpendicular to k are observed.



Electron diffraction

In electron diffraction, the intensity of a diffraction peak at reciprocal lattice vector G i3 the square of the structure factor, ng.

n = %ij (@)e-'ié‘;} — %ij(@) (4:05((_3' --FJ,-) = sin([’:' --FJ;))
j j

Here V is the volume of the primitive unit cell, 7 sums over the atoms in the basis, ¥; are the positions of the atoms in the basis, and I ((7) are the electron atomuc

form factors evaluated at &

The form below calculates the electron structure factors based on this formula. The crystal structure 13 specified by providing the primitrre lathice vectors and the
posthons of the atoms in the basis. A basis of up to five atoms can be calculated. The script first calculates the prmutive reciprocal lathice vectors and from them

calculates the reciprocal lattice vectors G = L:E:q + kl.i:g + EE;S.

O this page, the direction of the incoming electrons is given in terims of the primitive lathice vectors in reciprocal space, HEI + Kag + L‘E;3. TTzually the direction of the
mcoming electrons are given in terms of the conventional lathce vectors. Be aware that the [100] 15 a (usually) different direction if primitive lattice vectors are used than
it conventional lattice vectors are used.

H:|1 K: |0 | L:|0

Primitive lattice vectors:

4y =|412E110  |ZH0 y +|0 |2 [m]

ay =|U |&+412E-10 |y 40 | 2 [m]

ds =|0 & 4|0 § +A12E-10 |2 [m]
EBasis:

The positicons of the atoms are given i fractional coodinates between -1 and 1.
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Neutron diffraction

Typically a nuclear reactor is used as the neutron source

There are different atomic form factors for neutrons than for
X-Tays.

Determine the positions of H in biological samples.

Can for example distinguish between Fe and Co which have
similar atomic form factors for x-rays.



Structure factor for neutrons

The structure factor for neutrons can be calculated with the following formula,
Fz= Z bje_ié"—'f = Z b; (cos(é . FJ-) - isin(é . FJ-)) .
2 j

where 7; defines the position of the atom j and G is the reciprocal lattice vector. -53- is called the neutron

scattering length, it depends on the spin-state of the neutron-nucleus system and the isotope the neutron is
scattered from. The scattering lengths can be looked up at the NIST Center for Neutron Research.

The form below calculates the neutron structure factors. The scnpt first calculates the reciprocal lattice

vectors and from them calculates the reciprocal lattice vectors Gh;d hb1 + kb2 + lbg The structure factors
are calculated for a few reciprocal lattice vectors and listed in a table.

Primitive lattice vectors:

d; = 4.126-10  |&+/0 §+0 |2 [m]
G =0 4412610 | §+/0 | 2 [m]
ds =0 240 §+|4.126-10 | 2 [m]

Basis:
The positions of the atoms are given in fractional coodinates between -1 and 1.
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Atomic beams

Hydrogen and Helium are used for diffraction studies

N , p2 B h2k2 B h2
2 2m  2m  2mA’

Low energies can be used for delicate samples.
Measure the surface like LEED.



Forbidden reflections

Primitive lattice vectors: - - - - - - - -
- - - - - . .
i, =|4.12E-10 z+[0 ¥ [m]
iz =|0 &+ 612610 | g [m] - e RS e

Basis:
The positions of the atoms are given in fractional coodinates between -1 and 1. g N — . 4 ¢
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Forbidden reflections

The value of |ﬂ.5| for the
000 diffraction peal is
the total number of
electrons in the primitive
umit cell. The mtensities
of the peales i an z-ray
diffraction experiment
are propottional to
|n§|3. Mote that

elements with more
electrons produce
stronger diffraction
intensities,

Primitive reciprocal lattice vectors

by = 2m =288 3939 k_ 4 -2 275e+10 ky + 0.000 &, [m]

ﬂl'lzasxﬂa)
by = z«r“—“;) =3.939 k, +2.275 ky, + 0,000 k, [m'!]
EWE
B zwﬁ = 0.000 kg +0.000 ky, + 1.212e+10 k, [m]
Belin
Structure factors
kI |E;| R ] |n§|2 Re{:ra.é IILI{TP.E}

000 0.000 75.94 5767 75.94 0.000
0-10 454910 | 37.87 1434 37.87 0.02201
010 4549:-10 | 37.87 1434 3787 _0.02201
0-20 9.098:-10 | 38.17 1457 38.17 0.04379
020 9.098:-10 | 3817 1457 _38.17 _0.04379
0-30 1365e-9 75.94 5767 75.94 01318
020 1.365e-9 75.94 5767 75.94 0.1318
07351 1212 0.3909 0.1528 0.02780 03399
0-31 1212 0.2914 0.1532 _0.02727 0.2904
0-2-1 1212 42 85 1836 7648 4216
p221 1212 42 74 1827 7455 42.07
0-1-1 1212 43.01 1850 7610 4233
0-11 1212 | _dahe 5o el | -42.29
00-1 12jZ” | 8896e8 | 7914e-15 | -1.573e-8 |Ng.796e-8
001 i1 2.806e-8 | 7.914e-15 -1.573¢-8_}7-87565-8
01-1 1.212 IT9% —frete— g T 42,29
011 1212 43.01 1850 7.610 42 33
02-1 1212 4274 1827 7.551 42,07
021 1212 42 85 1836 7648 42,16
n=_1 1210 n=<Za14 n 15372 _N Ny _M 2and
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Normal Modes and Phonons

At finite temperatures, the atoms in a crystal vibrate. In the simulation below, the atoms move randomly around
their equilibrium positions.

T=30K |- | -

http://lampx.tugraz.at/~hadley/ss1/phonons/phonon_script.php



Vibrations of a mass on a spring

fo g

2
md—f =—(x
dt

The solution has the form

—iot



Coupled masses

o 58

Newton's law

d’x d’x
M dtzl =—Cx, +C(x, —x,) M dt22 =—Cx, +C(x,—x,)
assume harmonic solutions
x,(1) = A4, exp(iot) x,(t)= A4, exp(ion)

—~w’MAe™ =-2CA e +CA,e”
—w’MA,e” =-2CA, e + CA e

oylA[2e 4
A4 | ¢ =2c]| 4
Find the eigenvectors of this matrix
The masses oscillate with the same frequency but different phases



Linear Chain

s=-3 s=-2 s=-1 s=0 s=1 s=2 s=3 s=4
< a >

. (ksa— hsq —i
solution: U = Akel( a-at) _ Akel 4ot
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Linear Chain

s=-3 s =-2 s=-1 s=0 s=1 s=2 s=3 s=4
< a >

d’u
dtzs - C(MS+1

m —2u +u_,)

solutions: 3y = Akei(ksa_m)

_a)zmei(ksa wt) C( k(s+1)a— a)t) . zei(ksa—a)t) n ei(k(s—l)a—a)t))
—o’'m=C(e™ -2+e™)
o’m =2C(1-cos(ka)) s ka 1

sin’ = 5(1 cos ka)

/4C (kaj
w = sin
m 2




Linear Chain - dispersion relation

s [ s s, s (s o o

1.2
Max. freq. —» 10

0.8

d’u,
dt’

m =C(u,,,—2u,+u_,)

. i(ksa—awt)
us - Ake

4C | .




Determine the density of states numerically , _

ST

o

Linear Chain - density of states
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Linear Chain - density of states

This case 1s an exception where the density of

states can be determined analytically. 4C ka
=, |— SiIl (7)
4C | . ( ka j "
w=,|—ISIn| — 1
\' m 2 D(k)=—
g g d
dk
) D(@) = D)
I-H"'-__ :l_: J'I.._.-"'II. d a=dAa g COS @ dk
*{.:E ;_s" m 2
ll'"'-",_.-"'.. . ,
= 0 b = 1

for every k calculate the frequency \/ C |. o'm
Td



density of states

van Hove singularity

/4C . (kaj
W=, —|sin| —
m 2

1

D(k)=—

T

D(k)dk = D(w)dw
I da):a\/gcos(@jdk
© \ m 2

1 maximum frequency

D(w) |




) Mozilla Firefox

File Edit Wiew
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Linear chain M; and M,

dZ
Newton's law: M, dtuz's = C(vg_1 —ug) + C (vg — uy)
2N modes d2v

M, dtzs = C(us —vg) + C (ug4q — vs)

i(ksa—awt)

U, =ue
assume harmonic o t
solutions V. = vke’( sa=ol)

—~w’Mu, = Cv, (1+exp(—ika))—2Cu,
—~w’M v, = Cu, (1+exp(ika))—2Cv,



Linear chain M, and M,

< a >
—~w’Mu, = Cv,(1+exp(—ika))—2Cu,
~w’M v, = Cu, (1+exp(ika)) - 2Cv,

w’'M,-2C  C(1+exp(—ika)) {uk}_o
C(1+exp(ika))  &*M,-2C |[v,|

M M,0" -2C(M,+M,)o” +2C* (1—cos(ka)) =0



dispersion relation

11 I 1Y 4sin2(k2“j
ool i liall Ly L
M1 Mz ]\41 M2 Mle

Optical phonon branch —— 08

W
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Acoustic phonon branch 0.2

0.0



normal modes

1.0

0.6 FTA =71 _
1 1 2
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http://lampx.tugraz.at/~hadley/ss1/phonons/1d/1d2m.php
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density of states

Optical phonon branch
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Linear chain M; and M,

2a

N

T
10

S
(4C/M)V: 20

=
N
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mqu/

< > K
First Brillouin zone =

070 070 .ttt

The branches of the dispersion curves can be translated by a
reciprocal lattice vector G.
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_ a . d . W A &
e ay =—X+) bl_ - (Aer Y Z)
~ e cf
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i
g B B Tl L A B
d, = —X+—: b, = ('I"x k Hj‘)
9 ) o
it it
e g D - _ L 7 ? :
ﬂBZ—}"F— bS_ (_ x+ y-l_'l‘“z)
2 2 d

du;, ~C
Imn __ X X X X X X x X
m d t2 _ E |:( Z/tl+lmn z/llmn ) T (ul—lmn ulmn ) T (ulm+ln Z/llmn ) T (ulm—ln Z/tlmn )

X X X X X X X X
+ ( Z/ll+1mn—1 _ Z/llmn ) + (ul—lmn+1 _ Z/tlmn ) + (ulm+1n—1 _ ulmn ) + (ulm—1n+1 _ ulmn )
y ) y Y N P a2 N P Y
+ ( Z/ll +lmn Z/llmn ) + (ul —lmn ulmn ) (ulm+1n—1 Z/tlmn ) (ulm—1n+1 ulmn )
+ zZ _ z + z _ zZ _ z _ z _ z _ z
Z/llm+1n Z/llmn Z/tlm—ln ulmn ul +1mn—1 ulmn Z/tl —1mn+1 Z/tlmn

and similar expressions for the y and z motion



Normal modes are eigenfunctions of T

Uiy = U exp(i(l/;-?zl +mk - @, +nk - d, —a)t))

Uy = U exp(i(l -G, +mk - d, +nk - @, —a)t))

i, = e:xp(i(ﬂ}'-a1 ik -G, + k-, —a)t))
These are eigenfunctions of T.

T, W, = U exp( (lk (@, + pa,)+ mk )
zexp(z(lpk a1+qu a2+rnk a3)) kexp(i(ll;-c_il+m -Ezz+nk-c_i3—a)t))

zexp(z(lpk a, +qu a, +rnik - a)
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((I+m)k.a (LHﬁ@ﬂ+(m+nﬂyz

2 2

http://lamp.tu-graz.ac.at/~hadley/ss1/phonons/fcc/fcc.html
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3.0

1.0

0.5

0.0

For every k there are 3 solutions for .
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