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Crystal structure determination

STO substrate

Scanning tunneling Field ion microscope Transmission electron
microscope microscope

Usually x-ray diffraction is used to
determine the crystal structure



TU

Grazms Institute of Solid State Physics

Technische Universitat Graz

Crystal diffraction (Beugung)

Everything moves like a wave but exchanges energy and momentum as

a particle
light photons
sound phonons
electron waves electrons
neutron waves neutrons
positron waves positrons
plasma waves plasmons
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Periodic functions

Use a Fourier series to describe periodic functions



Expanding a 1-d function in a Fourier series

1.5
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Any periodic function can be represented as a Fourier series.

f(x)=f,+ icp cos(2zpx/ays,sin(2zpx/a)

p=l

multiply by cos(2np'x/a) and integrate over a period.

Cle.

jf(x)cos(Zﬂp'x/a)dx = cpjcos(Zﬂp'x/a)cos(27rp'x/a)dx =
0 0

5
c, —;!f(x)cos(2ﬂpx/a)dx



Fourier synthesis

A periodic function with period a can be written as a Fourier series of the form,

fa(2)

f(z)

1.5

f(x) = A9+ ZA,, (cos(8,) cos(2wnz/a) + sin(8,) sin(2wnz/a)) .
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Expanding a 1-d function in a Fourier series

1.5

—>
1.0 a
f ] |
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Any periodic function can be represented as a Fourier series.

f(x)= fo+ > ¢ cos(2rpx/ap s, sin2zpx/a)
p=1

e +e .
sinx = -
2 21

COSX =

JS(x)= Z fGeti fG=CEP—iS—p :272'_p
G=—w0

2 X a

For real functions: f; =/ reciprocal lattice vector



Fourier series in 1-D,

3.0
2.0
1.0
f(z)
1.0
2.0
3.0
0 1 2 3 4 5 6
H A
'sine | | square | | triangle | | sawtooth | | comb| | zero|
fo=0[1] O———3
h=f5-18 O————()+i 0[] O———(
fa=fl3=0 E| .7‘\E| +1(0) E\ o \£|
fs=f3=0(] & (+O[] ® (=)
fo=f2,=0(3 O———1)+i(0)[- O +)
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Determine the Fourier coefficients in 1-D

G
f(x)= Z / Gel "
G
Multiply by e7¢*~ and integrate over a period a

f Fx) e~ 16 dx = j ZfGei(G—G')xdx = fea
G

unit cell unit cell
1 Q0
_'G
1 :;jﬁell(x)e “dx
-00

The Fourier coefficient is proportional to the Fourier transform of the
pattern that gets repeated on the Bravais lattice, evaluated at that G-vector.
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Fourier series in 1-D, 2-D, or 3-D

f(7) =2 fee
G \
/ Structure factors

Reciprocal lattice vectors G
(complex numbers)

(depend on the Bravais lattice)

fhkl = hay + kas + las

—

G = 1/151 -+ Vggg -t 1/353

= ) 1l fergi=j



Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series

UGEDWIES

/4 Reciprocal lattice vector G

Structure factor

G = v1b1 + v9bs + v3b3

V; Integers

—

Ziz- . bj — 27!'62']'

- a, X d, - a, X a, -

—

— — — 3 — —
al-(azxa?)) a1~(a2><a3)



Two dimensional periodic functions

foo=0[_| Q:EJ
foo = f3_,=0.1[) 9:@ +i(0)[) !:,
fio=f20=01[) Q_@ +i(0) () Q—E]
fn=J4,,=018 ’:E] +i (0) -] ———[1
fin=7,=01 ) 9:@ +i (0)[- Q—B




Reciprocal space (Reziproker Raum)
k-space (k-Raum)

k-space 1s the space of all wave-vectors.

A k-vector points in the direction a wave is propagating.

2 ~
wavelength: 4 =17 momentum: p = hik




Plane waves (Ebene Wellen)

N‘l

e —cosk +zsm(l_€ ) A

Most functions can be expressed in terms of plane waves

g

)) —exp( ik -

l

\l

\l
~—

() = jF( )e””dk

A k-vector points in the direction a wave is propagating.




Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series

UGEDWIES

/4 Reciprocal lattice vector G
Structure factor
ky
o o o I o o o o
PS PS PS ® PS PS PS PS G = Ulbl + Uzbz + U3b3
—@ L L @ L L L *—» Vl lntegers
kx
o o o ? o o o [ ) -
Ziz- " bj = 271'53']'
— a, Xd . a, Xa — a xa
b=2r————, b =21——1— b =21——"—
al'( p X 3) a, ( 2><a3) a ( 2><a3)



Bravais lattice and reciprocal lattice in 1-D

real

reciprocal

cos(znpxj:cos(Gx) G=pz—7Z
a

a



Reciprocal lattice of an orthorhombic lattice is
an orthorhombic lattice

R —
0)0/‘610/.50/‘ 2n ZTR
S z

reciprocal lattice



The reciprocal lattice of an fcc lattice is a
bcc lattice

w
= -JJ o D J D -
JJ JJ >
w
J 29 » e P—
¢ 4n
a
- Cl,\+a,\
= —X —y
1 — —
2 2 X 1 X a,
. a. a., b3:27z6_i1 (*2><Zi3)
a,=—X+—2z
2 2 )
= 72- VoY VoY VaN
— a/\ a;\ [ — —_
d,=—p+—=Z b, a(x y—2)
2 2



Reciprocal lattice (Reziprokes Gitter)

sc 4 —axr, d9—=ay, d3=—az,

= 2'"' A~ - 27]' A — 271' A

b]_ — _kz, b2 — _ky, b3 — _kz

a a a
a . . . a . . a
fec: E'31=§(-’17+21), a2=§($+y), 3=§(y+Z),

- 2w A A - T o~ A 2 i i
by = T(k” —ky+k), bp=—(kz+ky—k;), b3a= T(_kz + ky + k)

a a
bee 6125(:%"'3}_2), ?1'2—5(—£+37+Z), a3 = (£ -9 +2),
27r ~ A 27r ~ 21r
by = T(kz + ky), by = T(ky +k;), by=—(kz+ k)



Cubes on a bcc lattice

fF)=) [
G
Multiply by e“and integrate over a primitive unit cell.

| r@erar=ry

unit cell

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice

J—j _[ [ dr = f.V
A unit cell I
a | ' V 1s the volume of the primitive unit cell.
Y« " a

¢

fy = [ Prexo(~iG -7 )a'r

J¢ 1s the Fourier transform of /. ; evaluated at G.
1..;; 18 zero outside the primitive unit cell.

2C

Je= %jfceﬂ (7) exp(—ié : F)d3r =— exp(—tix)exp(—iny)exp(—iGZZ)dxdde

_|;|Q|'—H;|Q
4;|Q|!—-‘.|;|Q
L|QI'—’_[;|Q

Volume of conventional u.c. a*. Two Bravais points per conventional u.c.



Cubes on a bcc lattice

- a a 2sin(G 4
4 exp(—iG.x)|* cos(—G x)+isin(-G.x)|*
Iexp(—tix)dx: pEiG ) = (=G, LG (-6.) = =
—Ta X Ta X Ta X
.7 :
y 16C sin G"ajsin i sin(Gzaj
s ro- 4 4 4
— ¢ a’G.G,G.
‘e " a

e

The Fourier series for any rectangular cuboid with dimensions
L. <L <L, repeated on any three-dimensional Bravais lattice is:

G L
8C sin % sin| ——2% |[sin %
2 2 2

f@)=2 VGG G

G

exp(ié-?)




Spheres on an fcc lattice

UGE Z fo€”

Multiply by e~ " "and 1ntegrate over a primitive unit cell.
1 -
f@:;jfc'ezz(r)exp( )d = — _[ exp( ~iG- r)d3
sphere

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:

sin(‘G‘R) —‘G‘LR cos(‘G‘R) exp(ié | ]7).

47C
f(r)= ZG‘, G




¢ - Spheres on an fcc lattice

JFH=Y [

Multiply by e and integrate over a primitive unit cell.

——jfﬂ(r)exp( —iG - r)d r—— I exp( —iG - r)a’3

f(;:

exp(—iG - 7)1’ s1n6’a’m’¢9dgo

C— O'—o'FU

I
-<if]

(cos ‘G‘rcos@ zsin(‘G‘rcosé’))r2 sin 8drd 0d ¢

VIQ <A

00-—-x

Integrate over ¢

Je= 2ﬂc_”(cos ‘G‘rcos@) zsm(‘G‘rcosH))r sin 0drd 0
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Spheres on an fcc lattice

(l
’ 27;C (cos(‘G‘ ¥ COS «9) —isin(‘G‘ ¥ COS H))r2 sinfdrd 0

\ f

Both terms are perfect differentials

f(;:—

O Ty
O e

icos(‘G‘rcos@)=‘G‘rsin(‘G‘rcosﬁ)sinﬁ and
do

a%sin(‘G‘rcos&’) = —‘G‘rcos(‘G‘rcos@)sin o, O
27C ¢ . . '
Integrate over 0:  f. = - (—sm(‘G‘rcos 9)—zcos(‘G%os 6’))‘ dr
0 0
P AxC ]‘i sin(‘G‘r)m’r

Vo @

0



Spheres on any lattice

r*dr

CTSln ‘G‘
Voo lalr

Integrate over r

47C | .
V\zf (sin (/G| R)~|G| Reos(|G]R)).

Jo =

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:

sin(‘G‘R) —‘G‘LR cos(‘G‘R) exp(ié | ]7).

., 4rnC
f(r)= v ZG‘, G



Molecular orbital potential

U(?):—Ze Z |

4rey r—rj‘
\

position of atom j

The Fourier series for any molecular orbital potential is:

exp(ié-?)
Gf

—7Ze*
U(r)=

/

Volume of the primitive unit cell



Muffin tin potential

D = Ze? 1 : : :
The potential is U(7) = — Z — around the Bravais lattice points
dmeg j Ir — 7,

The potential is constant between the spheres.

Ve 0

—

. J8* cos(|G|R) —1  sin(|G|R) — |G|Rcos(|G|R) coled o
s Z( r RIGP )xp(a )



