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Phonons
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dispersion relation 

2
2

2

1 2 1 2 1 2

4sin
1 1 1 1 2

ka

C C
M M M M M M



 
             

   

Optical phonon branch

Acoustic phonon branch



http://lampx.tugraz.at/~hadley/ss1/phonons/1d/1d2m.php

normal modes 



Linear chain M1 and M2 

p
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The branches of the dispersion curves can be translated by a 
reciprocal lattice vector G.



density of states 
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and similar expressions for the y and z motion
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These are eigenfunctions of T.

Normal modes are eigenfunctions of T
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fcc

        
1 2 3exp exp .

2 2 2
yx zx x x

lmn k k

l n k al m k a m n k a
u u i lk a mk a nk a u i

   
             

 

    

Substitute the eigenfunctions of T into Newton's laws.

http://lamp.tu-graz.ac.at/~hadley/ss1/phonons/fcc/fcc.html



For every k there are 3 solutions for . 



Phonon dispersion Au
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Materials with the same crystal structure will have 
similar phonon dispersion relations 

Cu

Au



Linear Chain - density of states

Determine the density of states numerically 4
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Phonon density of states of a fcc crystal

http://lampx.tugraz.at/~hadley/ss1/phonons/fcc/fcc_dos.php



Phonon DOS fcc
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Phonon dispersion
1. Determine the dispersion relation:

Write down the equations of motion (masses and springs).

The solutions to these equations will be

Substitute the solutions into the equations of motion to determine 
the dispersion relation. 

2. Determine the density of states numerically from the dispersion 
relation

For every allowed k, find all corresponding values of . 

( )D 

k



Phonon dispersion bcc



Phonon dispersion Fe

From Springer Materials: Landholt Boernstein Database



Phonon DOS Fe

D()

From Springer Materials: Landholt Boernstein Database

C2/C1 = 0

C2/C1 = 1/6

D()



Next nearest neighbors (simple cubic)

D() C2/C1 = 0 C2/C1 = 1/6 C2/C1 = 1/3

C2/C1 = 1/2

D()
C2/C1 = 1

Sometimes the 5th neighbors are included.



NaCl

Two atoms per primitive unit cell

Si



NaCl

2 atoms/unit cell

6 equations

3 acoustic and 
3 optical branches
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CsCl
M1 = M2

M1 = 5M2M1 = 2M2

M1 = 1.1 M2

Hannes Brandner



3 dimensions 

N atoms

3N normal modes

p atoms per unit cell

N/p unit cells = k vectors

3p branches to the dispersion 
relation

3 acoustic modes (1 longitudinal, 2 
transverse)

3p - 3 optical modes
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Poisson's ratio
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E - Elastic constant
 - Poisson's ratio
 - density

If the density is known,  you can determine E and .
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Ge, C, a-Sn ?



Density of states → Internal energy density

http://lampx.tugraz.at/~hadley/ss1/phonons/table/dos2ut.html


