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Normal Modes and Phonons

At finite temperatures, the atoms in a crystal vibrate. In the simulation below, the atoms move randomly around
their equilibrium positions.

T=300K |& +

http://lampx.tugraz.at/~hadley/ss1/phonons/phonon_script.php



Vibrations of a mass on a spring
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The solution has the form
X = Ae—ia)t
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Coupled masses

fos 8

Newton's law

d*x d*x
M dtzl =—Cx, +C(x,—x,) M dt22 =—Cx, +C(x,—x,)
assume harmonic solutions
x,(t) = A4 exp(iot) x,(t) =4, exp(iot)

—w’MAeEe™ = -2CA e +CA,e™
—w’MA,e” = -2CA,e"”" + CAe™

oyl A][2C 4
A | | ¢ 20 4,
Find the eigenvectors of this matrix
The masses oscillate with the same frequency but different phases



Coupled masses

fos 8

The normal modes are an in-phase mode where the masses move together,

w2M[1]:C’[1] - w= E,
1 1 M

and an out-of-phase mode where the masses move in opposite directions,

i [—11] - [—11] R \/%



Linear Chain

solution: u; = Ap exp(i(lka — wt))
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Linear Chain

M—— =C(u;_1 — ) + Cluyy1 —ug)

solution: U1 = Ag exp(i(lka — wt))

Substitute the solution in the equation:
—Muw? Ay exp(i(lka — wt)) = C(Ar exp(i((l — 1)ka — wt)) — Ag exp(i(lka — wt)))
+ C(Arexp(i((l + 1)ka — wt)) — Ay exp(i(lka — wt))).
Multiply by e
ka 1

sin’ = 5(1 —coska)

—Mw? = C(exp(—ika) + exp(ika) — 2)
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Mo? = 2C(1 — cos(ka))
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Linear Chain - dispersion relation
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Max. freq. —» 10
1 u; = A exp(i(lka — wt))
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Determine the density of states numerically , _
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Linear Chain - density of states
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Linear Chain - density of states

This case 1s an exception where the density of

states can be determined analytically. 4C ka
=, |[— Sin (7)
ac| (ka) "
w=,—|sin| — 1
m 2 D(k)=—
— o ] f.fﬂ' - 72.
e o S dk
D(@) = D(k)~—
FAc T N, & dw
o f,f do=a ¢ COS ka dk
] / m 9)
= o I =) 1

for every k calculate the frequency B \/ C \/1 o
ta —



D(w) |

density of states

van Hove singularity
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D(k)dk = D(w)dw
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maximum frequency
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Linear chain M; and M,

d2
Newton's law: M, dtlés = C(ve_y —ug) + C (vg — 1)
2N modes d2p
M, dtZS = C(us —vg) + C (Ugqq — Vs)
_ i(ksa—awt)
uS - uke
assume harmonic (o)
solutions V.=V, ol ksa—o

_a)2M1uk = Cv, (1 +exp(—ika))—2Cu,
—~w’M v, = Cu, (1+exp(ika))—2Cv,



Linear chain M, and M,

< a >
—~w’Mu, = Cv, (1+exp(—ika))—2Cu,
—~w’M,v, = Cu, (1+exp(ika)) —2Cv,

0’M,-2C  C(l+exp(—ika)) |[ u,
| C(1+exp(ika)) w'M,-2C

Vi

M M,0" -2C(M,+M,) o’ +2C* (1—cos(ka)) =0



dispersion relation

ka
2 4sin2()
wzzc(L_FLjiC [L_FL) _ 2
2 2

MM,

Optical phonon branch —— L

W

20 (5 5)

0.6

1 )

Acoustic phonon branch 0.2

0.0




normal modes
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http://lampx.tugraz.at/~hadley/ss1/phonons/1d/1d2m.php



density of states

Optical phonon branch

-

I
\ (EC,"ME)UE

M, > M,

3

Acoustical

|
|
|
|
|
1
|
|
|
|
|
|
|
phonon branch |
|
1

ar
a

(2C/M)Y? D) [T a)

o =C 1+1 +C
Ml M2

1] 3 10
e [THe]
2 . 5
1 N 1 _4sm ka
Ml MZ M1M2

15




Linear chain M, and M,
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The branches of the dispersion curves can be translated by a
. . —>
reciprocal lattice vector G.







Phonons in 3D crystals

Consider a simple cubic crystal with one atom in the basis, a
lattice constant of a, and the dimensions L XL XL.

Periodic solutions satisfy g S
B s s — L 671'1_4?1’1_2_?1-303 2?1’? 4?1'? ﬁﬂ',.ni
a L L L L L L a

The allowed wavevectors for the phonon normal modes are only
those wavevectors 1n the first Brillouin zone.

3 3
(5) (%) =¥
The number of allowed k vectors in the first Brillouin zone is the
number N of primitive unit cells 1n the crystal.

Uimn = Uy exp(i (IE 41 +mk- @y + nk-dg — wt))



Normal modes are eigenfunctions of T

Uiy = U exp(i(lfé-?zl +mk -a@, +nk - d, —a)t))

Yoo,y 1.5 L. L. 5
U,y = U €Xp| i\ Lk - a +mk - a, +nk - a; — ot

z ..z (170 = = T =
U, =u- explillk-a +mk-a,+nk-a,—at
These are eigenfunctions of T.

—

T u;;m=u;gexp(i(zl€-(al+pa1)+mk-(a2+qa2)+n1€-(a3+rzz3)—a)t))

prqr

= expi(Ipk -G, +qmk -a@, + rnk -a, u;exp(i(zé-al+m1€-a2+n/€.a3—a)t))

= exXp i(lp]_é-Zil +qu°ﬁ2 +rn/€-673) ul)lcnn



fcc

) ) a a F; 2 ] A:'x ” ~
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3 5 » A 0 .
S d,=—X+—:Z Dy = (Ax 'l‘y+'l°z)
2" 2 a
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I N ., Ll A E
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9] g a
L s
du: C
Imn __ X X X X X X X X
m dt2 o 2 |:(ul+1mn ulmn)_l_(ul—lmn ulmn)_l_(ulmﬂn ulmn)_l_(ulm—ln ulmn)

X X X X X X X X
+(ul+1mn—1 o ulmn ) + (ul—lmn+l o ulmn ) + (ulm+ln—1 o ulmn ) + (ulm—ln+1 o ulmn )

y Y y ) N P4 P4 N P24 4
+(ul+1mn ulmn ) + (ul —lmn ulmn ) (ulm+ln—1 ulmn ) (ulm—1n+l ulmn )

z z z z z z z z
+(ulm—|—1n o Z/llmn ) + (ulm—ln _ ulmn ) o (ul—l—lmn—l o ulmn ) o (ul—lmn+1 o ulmn ):|

and similar expressions for the y and z motion



Substitute the eigenfunctions of 7 into Newton's laws.
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Uy = U exp(i(lE-a]+mE-52+nE-ﬁ3))=ug exp{z 5
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http://lamp.tu-graz.ac.at/~hadley/ss1/phonons/fcc/fcc.html
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For every k there are 3 solutions for .
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Landholt Boernstein Database

From Springer Materials

Phonon dispersion Au
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Fig. 1. Aun. Phonon dispersion relations in the principal symmetry directions according to [73Lyl]. The solid curves
represent both the fourth meighbour general force model (M1) and the fifth neighbour axially symmetric model (M 2} of
Table 3 Aun. The dotted line in the T direction is corresponding to the velocity of sound appropriate to the [0£{] T, branch.




Materials with the same crystal structure will have
similar phonon dispersion relations
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Fig. 1. Au. Phonon dispersion relations in the principal symmetry directions according to [73Ly1]. The solid curves
represent both the fourth neighbour general force model (M1) and the fifth neighbour axially symmetric model (M 2} of
Table 3 Au. The dotted line in the E direction is corresponding to the velocity of sound appropriate to the [0£f] T, branch.




Phonon density of states of a fcc crystal

35000
30000
25000
20000
D(w)
15000
10000 L-~\\\V

5000

0
0.0 0.5 1.0 1.5 2.0 2:5 3.0

2w
G

http://lampx.tugraz.at/~hadley/ss1/phonons/fcc/fcc dos.php




Phonon DOS fcc
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From Springer Materials: Landholt Boernstein Database



Phonon dispersion bcc




Phonon dispersion Fe
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Fig. 2. Fe. Phonon dispersion curves in z-iron at 296 K. Experimental points: [68Va2]. Solid curve: fifth neighbour Born-von

Karman model (Table 3 Fe [68Va2]). . . .
From Springer Materials: Landholt Boernstein Database
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