
Light in a layered material 
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   Hill's equation 

In region I, the solutions are sin(x/c1) and cos(x/c1).

I II

In region II, the solutions are sin(x/c2) and cos(x/c2).
Match the solutions at the boundaries.

Normal modes don't have a clearly defined wavelength.



Empty lattice approximation
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Empty lattice approximation
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Plane wave method



Empty lattice approximation



http://ab-initio.mit.edu/book/



Empty lattice approximation

http://ab-initio.mit.edu/book/
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fcc

http://ab-initio.mit.edu/book/



diamond

http://ab-initio.mit.edu/book/



Woodpile photonic crystal

http://ab-initio.mit.edu/book



Yablonovite

http://ab-initio.mit.edu/book/





Student projects
Use the plane wave method to calculate the dispersion relation 

for light is a 1-D layered material
Help complete the table of the empty lattice approximation 

Write a program that solves Hill's equation



Institute of Solid State Physics
Technische Universität GrazLattice vibrations / Phonons

Phonons are quantum particles of sound
The simplest model for lattice vibrations is atoms 
connected by linear springs
There is a shortest wavelength/maximum frequency 
Find the normal mode solutions
Quantize the normal modes
Find the phonon density of states
Calculate the thermodynamic properties



Vibrations of a mass on a spring
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Coupled masses

Newton's law
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assume harmonic solutions

Find the eigenvectors of this matrix
The masses oscillate with the same frequency but different phases
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Linear Chain
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a 
s = 0 s = 1 s = 2 s = 3 s = 4s = -1s = -2s = -3

Assume every atom oscillates with the same frequency i t
s su A e 
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Eigen vectors of the translation operator
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Linear Chain
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s = 0 s = 1 s = 2 s = 3 s = 4s = -1s = -2s = -3

solution:
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Normal modes are eigen functions of T

solutions are eigenfunctions of the translation operator 

a 

 ( 1 ) ( )i k s a t ika i ksa t ika
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s = 0 s = 1 s = 2 s = 3 s = 4s = -1s = -2s = -3

N atoms, N normal modes, N eigenvectors of the translation 
operator, N allowed values of k in the first Brillouin zone
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solutions: 
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Linear Chain
s = 0 s = 1 s = 2 s = 3 s = 4s = -1s = -2s = -3



Linear Chain - dispersion relation
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Linear Chain - density of states
Determine the density of states numerically 4 sin 2
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Linear Chain - density of states

for every k calculate the frequency
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This case is an exception where the density of 
states can be determined analytically.



density of states 
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van Hove singularity
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