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Imperfections in the crystal or grain 
boundaries decrease the mean free 
path and the thermal conductivity.

At high temperatures, the mean free 
path is limited by Umklapp 
processes. At low temperatures the 
Umklapp processes freeze out and 
the mean free path is limited by 
imperfections. 





Material  Thermal conductivity W/(m·K) 
Glass 1.1
Concrete, stone 1.7
Ice 2
Sandstone 2.4
Sapphire 35
Stainless steel 12.11 ~ 45.0
Lead 35.3
Aluminum 237 
Aluminum alloys 120—180 
Gold 318
Copper 401
Silver 429
Diamond 900 - 2320
Graphene (4840±440) - (5300±480)
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Free electron Fermi gas

Kittel, chapter 6

A simple model for a metal is electrons confined to box with periodic 
boundary conditions. 

Like the problem of photons in a box except:
Solve the Schrödinger equation instead of the wave equation.
Electrons are fermions not bosons.



Free particles in 1-d 
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Free particles in 1-d 
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Eigen function solutions: 

Dispersion relation:
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Eigenvalues of T:
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Periodic boundary conditions 
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Density of states: Spin
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Free particles in 1-d 
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Density of states
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Van Hove singularity
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Fermi function
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f(E) is the probability that a state at energy E is occupied.



 = chemical potential



Chemical potential
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The chemical potential is implicitly defined as the energy that 
solves the following equation.

Here N is the total number of electrons.
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Chemical potential

 is temperature dependent



Fermi energy
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EF = (T=0)

In one dimension,
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In semiconductor books, EF(T) = (T).

At T = 0



Free particles in 1-d 

internal energy spectral density
2 1( ) ( ) ( )

exp 1
B

mEu E ED E f E
E
k T

 
 

 
 

 



( )

v

u u E dE

duc
dT











analog to the Planck curve for electrons in 1-d

Not possible to do this integral analytically



Thermodynamic 
properties
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From the density of states, the 
thermodynamic properties can 
be calculated.



Free particles in 2-d 

Density of states
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Free particles in 2-d 
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Free particles in 2-d 
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At T = 0:
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Fermi circle
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n = N/L2 = electron density
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At T = 0, all states inside the Fermi circle are occupied and 
those outside are empty.



Free particles in 3-d 
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Density of states
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Free particles in 3-d 

At T = 0:
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Fermi sphere
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n = electron density
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spin

The thermal and electronic properties depend on the states at the Fermi surface.



EF >> kBT 1/323Fk n
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Free electron Fermi gas
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Average electron energy
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Pressure 3-D
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Bulk modulus
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5/3P V 

See: Landau and Lifshitz, Statistical Physics 1
or Ashcroft and Mermin, Solid State Physics
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Bulk modulus

Ashcroft and Mermin


