
Light in a layered material 
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   Hill's equation 

In region I, the solutions are sin(x/c1) and cos(x/c1).

I II

In region II, the solutions are sin(x/c2) and cos(x/c2).
Match the solutions at the boundaries.

Normal modes don't have a clearly defined wavelength.



Solutions in region I and region II
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Band gap: exponentially growing solutions
The one solution grows exponentially and the other decays like exp(-x/d). 

Gray where |a| > 2.
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Band: Bloch waves
The solutions have the form                   where ( )ikx

ke u x ( ) ( )k ku x a u x 



Bloch waves

For periodic boundary conditions 
L = Na, the allowed values of k are 
exactly those allowed for waves in 
vacuum.
k labels the eigenfunctions of the 
translation operator. 
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Dispersion relation
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Diffraction condition

1st Brilluoin zone boundary
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Dispersion relation
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Density of states

The density of states can be determined from the dispersion relation. 
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Energy spectral density

Analog to the Planck radiation curve.
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Thermodynamic quantities



http://ab-initio.mit.edu/photons/tutorial/L1-bloch.pdf





Inverse opal photonic crystal

http://ab-initio.mit.edu/book



photon density of states for voids in an fcc lattice
http://www.public.iastate.edu/~cmpexp/groups/PBG/pres_mit_short/sld002.htm

Photon density of states
Diffraction causes gaps in the density of modes for k vectors near the 
planes in reciprocal space where diffraction occurs.



http://www.physicscentral.com/explore/pictures/algae.cfm



Spheres on any 3-D Bravais lattice
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d Ac r A dt 

975000000000000 2.3420661495021803e-9987500000000000 2.342326300572064e-9
1000000000000000 2.342592541193116e-9
1012500000000000 2.3428650182553106e-91025000000000000 2.343143883902686e-9
1037500000000000 2.3434292957496543e-9
1050000000000000 2.343721417108147e-91062500000000000 2.344020417226205e-9
1075000000000000 2.3443264715386727e-9
1087500000000000 2.3446397619307174e-91100000000000000 2.3449604770149027e-9
1112500000000000 2.345288812422628e-9
1125000000000000 2.3456249711108e-9
1137500000000000 2.345969163684614e-91150000000000000 2.346321608737476e-9
1162500000000000 2.3466825332090587e-9
1175000000000000 2.34705217276263e-91187500000000000 2.3474307721828535e-9
1200000000000000 2.3478185857953313e-9
1212500000000000 2.3482158779092607e-91225000000000000 2.348622923284671e-9
1237500000000000 2.349040007625837e-9
1250000000000000 2.3494674281025268e-91262500000000000 2.349905493900928e-9
1275000000000000 2.3503545268061965e-9
1287500000000000 2.350814861818715e-91300000000000000 2.351286847806338e-9
1312500000000000 2.3517708481950314e-9
1325000000000000 2.3522672417005447e-91337500000000000 2.3527764231039196e-9
1350000000000000 2.353298804073889e-9
1362500000000000 2.353834814039443e-91375000000000000 2.354384901116111e-9
1387500000000000 2.3549495330897944e-9
1400000000000000 2.355529198462288e-9
1412500000000000 2.356124407562988e-91425000000000000 2.356735693731633e-9
1437500000000000 2.3573636145773536e-9
1450000000000000 2.358008753319746e-91462500000000000 2.3586717202181617e-9
1475000000000000 2.359353154095961e-9
1487500000000000 2.3600537239670614e-91500000000000000 2.3607741307727454e-9
1512500000000000 2.3615151092374225e-9
1525000000000000 2.3622774298528125e-91537500000000000 2.363061901000888e-9
1550000000000000 2.363869371226842e-9
1562500000000000 2.364700731674446e-91575000000000000 2.3655569186972718e-9
1587500000000000 2.3664389166605607e-9
1600000000000000 2.3673477609499702e-91612500000000000 2.3682845412049424e-9
1625000000000000 2.369250404796276e-9
1637500000000000 2.3702465605693523e-9
1650000000000000 2.3712742828766966e-91662500000000000 2.372334915925928e-9
1675000000000000 2.373429878471877e-9
1687500000000000 2.3745606688846446e-91700000000000000 2.3757288706287567e-9
1712500000000000 2.376936158192335e-9
1725000000000000 2.3781843035094394e-91737500000000000 2.3794751829235104e-9
1750000000000000 2.3808107847451567e-9
1762500000000000 2.3821932174636106e-91775000000000000 2.3836247186779346e-9
1787500000000000 2.385107664821781e-9
1800000000000000 2.3866445817642175e-91812500000000000 2.3882381563789988e-9
1825000000000000 2.389891249185885e-9
1837500000000000 2.3916069081804056e-91850000000000000 2.393388383983006e-9
1862500000000000 2.3952391464551744e-9
1875000000000000 2.397162902949194e-9
1887500000000000 2.3991636183800117e-91900000000000000 2.401245537332841e-9
1912500000000000 2.4034132084490497e-9
1925000000000000 2.405671511366283e-91937500000000000 2.4080256865274396e-9
1950000000000000 2.4104813682179484e-9
1962500000000000 2.413044621242946e-91975000000000000 2.415721981716721e-9
1987500000000000 2.4185205025078584e-9
2000000000000000 2.421447803966793e-92012500000000000 2.424512130660338e-9
2025000000000000 2.4277224149531895e-9
2037500000000000 2.4310883484128406e-92050000000000000 2.43462046217622e-9
2062500000000000 2.4383302176090484e-9
2075000000000000 2.4422301088190297e-92087500000000000 2.446333778859824e-9
2100000000000000 2.4506561517946427e-9
2112500000000000 2.4552135831891515e-9
2125000000000000 2.460024032089591e-92137500000000000 2.465107258134223e-9
2150000000000000 2.470485048170798e-9
2162500000000000 2.476181477643446e-92175000000000000 2.4822232131127863e-9
2187500000000000 2.488639863639439e-9
2200000000000000 2.495464390467164e-92212500000000000 2.502733586584327e-9
2225000000000000 2.5104886404489695e-9
2237500000000000 2.518775801604411e-92250000000000000 2.5276471703179025e-9
2262500000000000 2.537161639055372e-9
2275000000000000 2.5473860209854772e-92287500000000000 2.5583964103727376e-9
2300000000000000 2.570279832490547e-9
2312500000000000 2.5831362577137718e-92325000000000000 2.597081077382582e-9
2337500000000000 2.6122481702391725e-9
2350000000000000 2.628793731203024e-9
2362500000000000 2.6469010941268133e-92375000000000000 2.6667868647412877e-9
2387500000000000 2.688708801172956e-9
2400000000000000 2.7129760558123734e-92412500000000000 2.739962653552072e-9
2425000000000000 2.7701254757212908e-9
2437500000000000 2.8040286267916396e-92450000000000000 2.842377019684527e-9
2462500000000000 2.8860635678086363e-9
2475000000000000 2.9362369597585636e-92487500000000000 2.99440145197382e-9
2500000000000000 3.0625680959296877e-9
2512500000000000 3.1434917407802577e-92525000000000000 3.241057527999625e-9
2537500000000000 3.3609420469853874e-9
2550000000000000 3.511812715384653e-92562500000000000 3.7076704508705993e-9
2575000000000000 3.972887852043747e-9
2587500000000000 4.354565674261429e-9
2600000000000000 4.959267952012932e-92612500000000000 6.103201947673857e-9
2625000000000000 9.558268536328899e-9
2637500000000000 0
2650000000000000 0
2662500000000000 0
2675000000000000 0
2687500000000000 0
2700000000000000 0
2712500000000000 0
2725000000000000 0
2737500000000000 0
2750000000000000 0
2762500000000000 0
2775000000000000 0
2787500000000000 0
2800000000000000 0
2812500000000000 0
2825000000000000 0
2837500000000000 0
2850000000000000 0
2862500000000000 0
2875000000000000 0
2887500000000000 0
2900000000000000 0
2912500000000000 0
2925000000000000 0
2937500000000000 0
2950000000000000 0
2962500000000000 0
2975000000000000 0
2987500000000000 0
3000000000000000 0
3012500000000000 0
3025000000000000 0
3037500000000000 0
3050000000000000 0
3062500000000000 0
3075000000000000 0
3087500000000000 0
3100000000000000 0
3112500000000000 0
3125000000000000 3.697055540888554e-8
3137500000000000 7.460811356224208e-9
3150000000000000 5.516131010343955e-93162500000000000 4.671012991183993e-9
3175000000000000 4.18162826644592e-9
3187500000000000 3.8579459480222325e-93200000000000000 3.6265124913284916e-9
3212500000000000 3.452288281089862e-9
3225000000000000 3.3162249182590586e-93237500000000000 3.2069932059957133e-9
3250000000000000 3.117395950118745e-9
3262500000000000 3.042624088066898e-93275000000000000 2.97933318491521e-9
3287500000000000 2.9251206162547183e-9
3300000000000000 2.878213282457706e-93312500000000000 2.8372726665961946e-9
3325000000000000 2.8012685649290303e-9
3337500000000000 2.769394689493626e-9
3350000000000000 2.7410107115387155e-93362500000000000 2.715601514417826e-9
3375000000000000 2.692747947408417e-9
3387500000000000 2.67210544646667e-93400000000000000 2.6533881485155544e-9
3412500000000000 2.6363569134169746e-9
3425000000000000 2.6208101721355974e-93437500000000000 2.606576849853709e-9
3450000000000000 2.593510833425735e-9
3462500000000000 2.5814866026626564e-93475000000000000 2.5703957487642e-9
3487500000000000 2.5601441761350352e-9
3500000000000000 2.550649835751797e-93512500000000000 2.5418408757105108e-9
3525000000000000 2.5336541219333535e-9
3537500000000000 2.5260338222018947e-93550000000000000 2.518930601739818e-9
3562500000000000 2.51230058990499e-9



Plane wave method
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 Central equations:
       G k k G        collect like terms:



Plane wave method
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 Central equations:

Choose a k value inside the 1st Brillouin zone. The coefficient Ak is coupled 
by the central equations to coefficients Ak outside the 1st Brillouin zone. 
Write these coupled equations in matrix form. 
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There is a matrix like this for every k value in the 1st Brillouin zone. 



Close packed circles in 2-D

Solved by a student with the plane wave method


