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Ionic crystals



Ionic crystals

2

04ij
ij

e
U

r


Distant neighbors:

2

04

ijr

ij
ij

e
U e

r





 Nearest neighbors:



Ionic crystals

R = nearest neighbor separation

a Madelung constant
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Ernst Madelung



Madelung constant in 1-D
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Taylor expansion:



CsCl
z = 8

a = 1.767

Calculating the Madelung constant

Iterative Bestimmung der Madelung-Konstante für CsCl - Yao Shan und Robert Krisper, 2010 



Ionic Crystals

NaCl
z = 6

Zincblende
z = 4

CsCl
z = 8

a = 1.767 a = 1.747 a = 1.638

Wurtzite
z = 4

a = 1.641



Ionic radius

CsCl unstable:
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2-D crystals

Checkerboard
Boron nitride
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https://en.wikipedia.org/wiki/Ionic_radius#/media/File:Atomic_%26_ionic_radii.svg

1.366A

B

r

r


CsCl:

1.44Cl

Na

r

r




Fit the constants  and 

x-ray determination of atomic spacing is accurate to 1 part in 105
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R0 is the equilibrium separation



Elastic constant

Near the minimum, the potential energy is approximately a parabola.
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spring constant of a bond

From the spring constant, the compressibility can be calculated. 
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Photons
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The quantization of the electromagnetic field

Wave nature and the particle nature of light 

Unification of the laws for electricity and 
magnetism (described by Maxwell's equations) and 
light

Quantization of the harmonic oscillator

Planck's radiation law

Serves as a template for the quantization of  
phonons, magnons, plasmons, electrons, spinons, 
holons and other quantum particles that inhabit 
solids. 



Maxwell's equations
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In vacuum the source terms J and  are zero.



The vector potential

Maxwell's equations in terms of A Coulomb gauge 0A  
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The wave equation

normal mode solutions have the form:

Using the identity 2( )A A A    
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Normal mode solutions

put the solution into the wave equation
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Dispersion relation
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EM waves propagating in the x direction

The electric and magnetic fields are
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Quantization  (using a trick)

The wave equation for a single mode. 

The equation for a single mode is mathematically equivalent to:
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Quantization

Classical mathematical equivalence  quantum mathematical equivalence 

Rewriting this in terms of the electromagnetic field variables: 
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periodic boundary conditions 

Boundary conditions

fixed boundary conditions 
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periodic boundary conditions 

Counting the normal modes
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Density of states

All states in the same shell have the same frequency.



Density of states
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Density of states

 = ck            λ = 2/k
d = cdk d = -2/k2dk

The number of states per unit volume with a frequency between 
and  + d is, 
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The number of states per unit volume with a wavelength between λ 
and λ + dλ is, 
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The number of states per unit volume with a wavenumber between k
and k + dk is, 



Photons are Bosons

The mean number of bosons is given by the Bose-Einstein factor.
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Planck's radiation law

The energy density between λ and λ + dλ is the energy E = hf = hc/λ of 
a mode times the density of modes, times the mean number of photons 
in that mode. 
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Planck's radiation law, Wien's law

Differentiate to find the position of the peak 

Wien's law:   λmaxT = 0.0028977 m K 

Planck's radiation law is often expressed in terms of the intensity 
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Stefan - Boltzmann  law

Integrate intensity over all wavelengths

Integrating the energy spectral density over all wavelengths
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Thermodynamic quantities

f = u - Ts
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entropy:

Helmholtz free energy:



Thermodynamic quantities

Momentum of a photon:

Radiation Pressure:
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