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Atomic orbitals

http://lampx.tugraz.at/~hadley/ss1/molecules/atoms/AOs.php

Atomic orbitals:
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Radial distribution function
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Expectation energy

Often in molecular or solid state physics we know the Hamiltonian but we can't solve the Schrédinger equation
associated with this Hamiltonian. In these cases we often guess a solution and then calculate the corresponding energy.

Consider the Hamiltonian for a hydrogen atom. In spherical coordinates it is,
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where a is a parameter. Note that this wavefunction is not an eigenfunction of the Hamiltonian. Determine the value of

Find the expectation value of the energy E = for the following wavefunction,

a that minimizes the energy. Compare a to the Bohr radius ag = 5.3 x 10711 m.

(¥|H|w) j j j ¥ (r,0,0)HY(r,0,0)r sin Odrd0d o
C(elY) [ .0.0)9(.0.0)r sin0drd0d g




TU

Grazms Institute of Solid State Physics

Technische Universitat Graz

Helium




Helium atom
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Helium atom

neglect the electron-electron interaction term
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assume a product wave function



Separation of variables (Trennung der Veranderlichen)
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Reduced Hamiltonian
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any product of atomic orbitals with Z = 2 solves the reduced Hamiltonian




Indistinguishable particles

P, ) =[PP

Y(1,n) =Y (7,1)

integer spin:

bosons Y(r,r,)=Y(,1) photons, phonons,
“He
fermions  W(7,7,)=-Y(x,,r) half integer spin:

electrons, neutrons,
protons, *He



Spin

Spin appears naturally in the relativistic formulation of
quantum mechanics but in the nonrelativistic
formulation, we just add the spins states.

T = spin up
! = spin down

Spln orbitals: éls Ta Cbls J/a CbZS Ta QSZS \La U



Slater determinants

The antisymmetric solution can be written as a determinant,

pHe , L (L 1s _ He He -

Exchanging two columns changes the sign of the determinant.

If two columns are the same, the determinant is zero = Pauli exclusion.



Slater determinants

The antisymmetric N electron wave function can be written,

(.bls T(

5 4 3 1 [P T
qj(rlarg, ?"\) x Vﬁ 1 (
qbls r(

7

) b b (Fx)

;_bN T(rN)

Exchanging two columns changes the sign of the determinant.

If two columns are the same, the determinant is zero = Pauli exclusion.

Dirac notation: W (7,7, -+, 7x) = |1 5P by O T)



Helium ground state

2e? 2e’ e’

47zgo|r1| 47zgo|r2| 47zgo|r1—r2|

g =" Vi+V3)-
total —
2m
Approximate antisymmetrized wave function (neglecting electron-
electron interactions)
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Matrix elements
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Helium ground state

Try other wave functions in the full Hamiltonian
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Electron screening makes the wave function larger
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4.1 Helium

The results of the total energy of the helium ground state for different effective nuclear
charges o are plotted in 1. The minimum (and therfore best estimate) lies at

o = (1.685 = 0.005)
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Student project Michael Scherbela, 2014



Blinder, Introduction to Quantum Mechanics

Helium ground state

o240 =213y -74.83 eV
g v gm % -77.4885 eV
e N (14 cli —F|)  -78.6714 eV
1078 parameters -79.0142 eV

The true wave function cannot be written as a product of two
one-electron wave functions.



Slater's rules

Effective Nuclear Charge Z.s

Is 2s.2p
H 1
He L7
L1 2.7 1.3
Be 3.7 1.95
B 4.7 2.6
C 5.7 3.25
N 6.7 39
O 17 4.55
& | 8.7 9.2
Ne 57 5.85

Slater, J. C., Atomic Shielding Constants, Phys. Rev. 36, pp. 57-64, 1930. doi:10.1103/PhysRev.36.57



Helium excited states

One electronin 1s and one in 2s, 11, /.. 1. and 1]
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The antisymmetric solution ¥ = 0 for 7 =7,.



Construct the Hamiltonian matrix

Schrodinger equation

He —
Htotal (C[LIJ] +CHLIJH +CHI\{’H] +C[V\I’]V) — E(C]LIJI +CHLIJH +C[H\{’H[ +C]VLI’]V)
Multiply from left by ..
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Student project: determine this matrix



Transform to symmetric and
antisymmetric orbital solutions

¥, = % (659 (7, ) GBS (7y) — pEe (7)) 620 (7)) 11,
Uy = % (650 (7)) 850 (74) — GHe (71) B (7)) 1L,
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Uy = % (S5 (71) | BB (7y) T —pBe (7)) 1 65 (7a) L).
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Helium excited states

He He
Hred Htotal exact

15125! -55.98 eV

1s12s! 218 -58.37 eV singlet

1s!2s! -58.19eV sl o I
1s'2¢' 2'S -59.16 eV ftriplet

1s'2¢!  -68 eV
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Select an element to access data

Energy Levels of Neutral Helimn ( He I')
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Names refer to
approximate
solutions

http://physics.nist.gov/PhysRefData/Handbook/Tables/heliumtable5.htm

Configuration Term J | Level( em ! ) Ref.
152 1g 0 0.000 MO2
lsZs Ig 1| 159855.9745 | M0OZ2
lsZs la 0| 166277.4403 | M0O2
lsz2p 3pe 2 | 169086. 7666 | MOZ

1| 169086, 8430 | MOZ2

0| 169087.830% | MOZ2
ls2p 1pe 1 | ZEZ1134 28970 | a2
ls3s Ig 1| 183236.7918 | M0O2
1=3s la 0| 184864.58294 | M0O2
ls3p 3pe 2 | 185564.5620 | MOZ2

1| 185564.5840 | MO2

0 | 185564, 8547 | MO2
153 in 3| 186101.5463 | MO2

2 | 186101.5488 | MO2

1| 186101.5930 | MO2
T53id in 2 | 186104. 9668 | MOZ
ls3p lpe 1| 186209.3651 | MOZ2
lsdp lpe 1| 191492.7120 | M0O2
He IT (%S1/2) Limit 198310.6691 | MOZ




