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Density of states

2 2 3
3

3 2

4
2 ( )

2

k dk k L
dk L D k dk

L




 
 
 
 

polarizations D(k) = k2/2 = density of states/m3

Number of states 
between k and k+dk
for a box of size L3.
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Density of states

The number of states per unit volume with a frequency between w
and w + dw is, 
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Photons are Bosons

The mean number of bosons is given by the Bose-Einstein factor.
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Density of states
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between |k| and |k|+dk
for an area of size L2.
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The dielectric constant and speed of light are different for the two layers.

Light in a layered material 

Distributed Bragg reflector



Wave equation in a periodic medium 

Light in a layered material 
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Hill's equation 

2nd order linear differential equation with periodic coefficients. 
Mathematically equivalent to the time independent Schrödinger equation.
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Normal modes don't have a clearly defined wavelength.



The solutions to a linear differential equation with constant coefficients, 

Differential equations 

.xe

2

2
,

d y dy
a b cy d

dx dx
  

have the form,

The solutions to a linear differential equation with periodic coefficients, 
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Swing 

For some parameters there are 
periodic solutions (band). 

For some parameters there are 
exponentially growing and 
decaying solutions (bandgap). 



Light in a layered material 
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In region I, the solutions are sin(wx/c1) and cos(wx/c1).

I II

In region II, the solutions are sin(wx/c2) and cos(wx/c2).

Match the solutions at the boundaries.

Normal modes don't have a clearly defined wavelength.



Translational symmetry 

The normal modes are eigenfunctions of the translation operator

The normal modes have Bloch form. 
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Solutions in region I and region II
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Two linearly independent solutions are specified by the boundary 
conditions

In region I, 
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Translation operator

The elements of the translation matrix can be 
determined by evaluating this equation and its 
derivative at x = 0. Diagonalize the translation operator 
and find its eigenvalues to determine the character of 
the solutions. 



Wave vector
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Band gap: exponentially decaying solutions

The one solution grows exponentially and the other decays like exp(-x/d). 

Gray where || > 2.
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Bloch waves

For periodic boundary conditions 
L = Na, the allowed values of k are 
exactly those allowed for waves in 
vacuum.

k labels the eigenfunctions of the 
translation operator. 
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Dispersion relation
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1st band gap

2nd band gap



Diffraction condition

1st Brilluoin zone boundary
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Dispersion relation
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Density of states

The density of states can be determined from the dispersion relation. 
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Energy spectral density

Analog to the Planck radiation curve.
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Thermodynamic quantities



Inverse opal photonic crystal

http://ab-initio.mit.edu/book
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