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Crystal diffraction (Beugung)

Everything moves like a wave but exchanges energy and momentum as

a particle
light photons
sound phonons
electron waves electrons
neutron waves neutrons
positron waves positrons
plasma waves plasmons
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Periodic functions

Use a Fourier series to describe periodic functions



Expanding a 1-d function in a Fourier series
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Any periodic function can be represented as a Fourier series.

f(x)=f,+ icp cos(2zpx/ays,sin(2zpx/a)

p=l

multiply by cos(2np'x/a) and integrate over a period.

Cle.

jf(x)cos(Zﬂp'x/a)dx = cpjcos(Zﬂp'x/a)cos(27rp'x/a)dx =
0 0

5
c, —;!f(x)cos(2ﬂpx/a)dx



Fourier synthesis

A periodic function with period a can be written as a Fourier series of the form,

fa(2)

f(z)

1.5

f(x) = A9+ ZA,, (cos(8,) cos(2wnz/a) + sin(8,) sin(2wnz/a)) .
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Expanding a 1-d function in a Fourier series
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Any periodic function can be represented as a Fourier series.

f(x)= fo+ > ¢ cos(2rpx/ap s, sin2zpx/a)
p=1

e +e .
sinx = -
2 21

COSX =

JS(x)= Z fGeti fG=CEP—iS—p :272'_p
G=—w0

2 X a

For real functions: f; =/ reciprocal lattice vector



Fourier series in 1-D
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Determine the Fourier coefficients in 1-D

G
f(x)= Z / Gel "
G
Multiply by e7¢*~ and integrate over a period a

| rwee ax= [ Y getcorar = foa
G

unit cell unit cell
1 Q0
_'G
1 :;jﬁell(x)e “dx
-00

The Fourier coefficient is proportional to the Fourier transform of the
pattern that gets repeated on the Bravais lattice, evaluated at that G-vector.
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Fourier series in 1-D, 2-D, or 3-D

f(7) =2 fee
G \
/ Structure factors

Reciprocal lattice vectors G
(complex numbers)

(depend on the Bravais lattice)
fhkl = hay + kas + las

oy 1 ferg=j3
(Ii-bj=2ﬂ‘5ij (5;'5,':{0’ forz';éj

—

G = 1/151 -+ Vggg -t 1/353



Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series

UGEDWIES

/4 Reciprocal lattice vector G

Structure factor

G = v1b1 + v9bs + v3b3

V; Integers
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Reciprocal space (Reziproker Raum)
k-space (k-Raum)

k-space 1s the space of all wave-vectors.

A k-vector points in the direction a wave is propagating.

2 ~
wavelength: 4 =17 momentum: p = hik




Reciprocal lattice (Reziprokes Gitter)

sc 4 —axr, d9—=ay, d3=—az,

= 2'"' A~ - 27]' A — 271' A

b]_ — _kz, b2 — _ky, b3 — _kz

a a a
a . . . a . . a
fec: E'31=§(-’17+21), a2=§($+y), 3=§(y+Z),

- 2w A A - T o~ A 2 i i
by = T(k” —ky+k), bp=—(kz+ky—k;), b3a= T(_kz + ky + k)

a a
bee 6125(:%"'3}_2), ?1'2—5(—£+37+Z), a3 = (£ -9 +2),
27r ~ A 27r ~ 21r
by = T(kz + ky), by = T(ky +k;), by=—(kz+ k)



Two dimensional periodic functions

foo =0 O——[
fo=fia=01[] @)+ O—
fro=f10 =01 @)+ (O[] o——(
fu=1o, =019 @ —— 1]+ O[] o———3
fri=1y =01 O[]+ O[] O—(,)

2D comb function



Determine the Fourier coefficients

f(r) = Z fzexp (z(_j : F)
G



Determine the Fourier coefficients

fir) = Z fzexp (zé : F)
G
Multiply by exp[—?:é’ -7) and integrate over a unit cell

f f(7) ‘E‘J-EI_D(—'éfj?r -T)dr = Z f i n'&}t:}::(—z'[—i'I .7) exp(iG - 7)dF

unit cell G unit cell

1
Vlli:

fa=

f f(7) exp(—iG - 7#)dF

unit cell




Determine the Fourier coefficients

V2a/4  /2a/4

fa= % / / exp(—ié - 7)dzdy
a
—v2a/4 —/2a/4

V2a/4  2a/4
fa= ey / / exp(—iGx) exp(—iGyy)dzdy
—v2a/4 —/2a/4

C (exp(—iGmx/ﬁa/él) — exp(iG’x\/ia/4)) (exp(—iGy\/ﬁa/él) — exp(z’Gy\/ia/él))

a? —G.G,

_4C sin(G,Vv/2a/4) sin(G,Vv2a/4)

fe =2 G.G,




Plane waves (Ebene Wellen)

N‘l

e —cosk +zsm(l_€ ) A

Most functions can be expressed in terms of plane waves

g

)) —exp( ik -

l

\l

\l
~—

() = jF( )e””dk

A k-vector points in the direction a wave is propagating.




Fourier transforms

Most functions can be expressed in terms of plane waves

f)=[F (k)" dk
This can be inverted for F(k)

7 1 =\ —ikF g
F/(k):(zﬂ)d [ £ dr

Fourier transform of f(7)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Fourier transforms

filter

A N

Fourier transform: g ( k) _ 2L aj’z o g sin (kz / 2)
T -al/2 7T

]9 sin(ka/2) S

Inverse transform:  f'(x) = — Sine inteoral
e ine integra

ky -
Transmitted pulse:  f'(x)= J' sin (ka/2)

_ko

ey _ Silkyx + D) +Si(kyx — 1)

k T




Notations for Fourier Transforms

P g (E): L [ f(7)e " dF .

(2?1') I

—

F(F) = [ Foa1 (k)e™ dk.

f(r) 1s built of plane waves



Notations for Fourier Transforms

Fia (k) = [ f(F)e ™ dr.

1) = s S Fua ()

Matlab



Notations for Fourier Transforms

Mathematica



Notations for Fourier Transforms

Fo—2x (q) = ff(F)e_ﬂmi"FdF.

f(F) " IFU?—ETT ((}*)ezzﬂrﬁfd(}*

Engineering literature.

https://online.stanford.edu/courses/ee261-
fourier-transform-and-its-applications



Notations for Fourier Transforms

Fa,b(E) — Fab{f(F)} = \/ ( ) ﬂ Tf( ) Ibkrd?,,

f

F(7) = Foi {P(k)} = \/H( 5 [ Fus(f)e 7 dR

d = number of dimensions 1,2,3
a,b = constants



exp(—|alz)

A
w{u3+k2} E+ER
sgn(x) _ )
spn(zr) = —1forr < 0 and = =
sgn(z) =1forz >0
—ike —i2k
sgn () exp(—|alz) (a2 +#) R
|a|—ik || —ik
H(z) exp(—|alz) @P) e
M(z) = H(m + -;.,) H(% _ :.:') sin(k/2) 2 sin(k/2)
Square pulse: height= 1, width= 1, xk k
centered at x = 0.
H(I—ﬂIn
Square pulse: height = 1, width = a, m{::m} exp(—ik&: ) ﬂ exp( —ikz }
centered at og.
e 5(k-h) (2r) 5 (R~ o)
Plane wave
1 (k) 2md (k)
&(x) E—IT 1
F—7y d b T =
‘5( a ) (ﬂ—fr) exp(—tk- u) a‘iexp(—zk - fru)
F—rol® - d = SR d a®
() () el =) (72 e S e )
H(R—|r —7q|) 2_ J,(|k|R) exp(—ik-T 2R 7, (|k|R ik-7
Disc of radius R centered at rp, ¥ € R? 2] 1[5 expl - o) || it e 0)
H(R—[f—Fo) L ) L )
Sphere ﬂff&d;usERRgﬂﬂt‘fod atry. [?Tr]13|i:.|3 (sin( |k|R) — |k|Rcﬂs{]k[R]) exp(—ik-rg) I:T (5111(|F.,| R) — |k1RCDE{|k|R}) exp(—ik -1

Here H{(z) is the Heaviside step function, §(z) is the Dirac delta function, Ji () is the first order Bessel function of the first kind. and d is the number of dimensior
Calculate a Fourier transform numerically.

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



