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Bloch Theorem

Bloch form o (r)= eiﬂ'FuE (7)

Eigenfunction solutions of the Schrodinger equation have Bloch form.

k 1s a wave vector in the 15t Brillouin zone

U (7) is a periodic function



Plane wave method
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We can relabel the reciprocal lattice vectors since we sum over them.



Plane wave method
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Only the terms with the same wavelength can be equal to each other.

Central tions: » O, . — .,
entral equations CG_I_ZUGCG—G EC’G

G

. . —/
There 1s one equation for each (¢ vector.



Plane wave method

Central equations:
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Central equations - one dimension
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Central equations 3d - simple cubic

U = Z UgelT
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Molecular orbital Hamiltonian
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Central equations - simple cubic
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Central equations - simple cubic
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Plane wave method
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Plane wave method

fcc hydrogen
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Approximate solution near the Bz boundary
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Tight binding
(Linear combination of atomic orbitals)

Apply the method of the Linear Combination of Atomic
Orbitals to a molecule with periodic boundary conditions
(like benzene).
Periodkic function
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Review: Molecules

Start with the full Hamiltonian

H:—Z2 Z
Use the Bom-Oppenheimer approximation

Hy=-3o z Yy z“e

Neglect the electron-electron interactions. H
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The molecular orbital Hamiltonian can be solved numerically or by the
Linear Combinations of Atomic Orbitals (LCAO)



Linear combination of atomic orbitals

Guess that the solution to //,,, can be written as a linear
combination of atomic orbitals.

H H H H
Yo = Cl¢1s,A + Cz¢1S’B + C3¢2S,A + c4¢2S,B 4.

Construct the Hamiltonian matrix.

(¢, | H,, |81 (8| H,, |80 5) {CI}:EMZA 8 (40 |8s) H
(¢ 5 | H,, |81 (8| H,, |40 5) (| 400) (d0s|d0)




Molecular orbitals of benzene

Benzene (CgHg) consists of 6 carbon atoms in a ring. A hydrogen atom is attached to each carbon atom. The carbon-carbon bond length is 1.40 A and the carbon-
hydrogen bond length is 1.10 A

Model: [ Baﬂ and"éﬁ-::k. ; .ég-lacei-i-]'l_ ;

127N ]
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Tight binding: 1-D chain

1 inka
¢k($):ﬁ2nje ¢ (x — na)

Substitute the tight-binding wave function into the time independent Schrodinger equation.

H oy, = By,
Multiply from the left by the atomic orbitals.

(¢ () [H |y (2)) = E{¢ (z) [ (2))

(¢ (2) |H|b (z — a))e ™ + (¢ (z) |H|¢ (2)) + (¢ () |H|$ (x + a))e™ + small terms

— F + small terms.
e = (¢ () |H|¢ (z)) and t = —(¢ (z) |H|$ (z — a))

E=c—t(e*™ +e ™) =e—2tcos(ka)
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E = € — 2t cos(ka).
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Tight binding: 2 atoms, 1-D chain

i (2) = — Z inka (¢, 1 (¢ — na) + cads (z — na))

(1| H|bk) = E(1|%e),
(2| H ) = E{$a|tr).

€ = (¢1($)|ﬁ|¢1($)), €3 = (¢2(3’)|ﬁ|¢2(3’))
= —(¢1(z)|H|$2(z)) = —($2(z — a)|H|¢1 (z))
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—t (1 + ez‘ka) e — F (&)



Tight binding: 2 atoms, 1-D chain
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Tight binding

Tight binding does not include electron-electron interactions

_hz 2 Z 82
H,,=—V 4
"0 om, 24%0\;7—@\

v, :%Z exp i (1% -, +mk - @, + 1k -8 )|y, oo (F — 16, = md, = ndy

[,m,n

l//umt cell 7" Z C; ¢ r— I"

Atomic wave functions
This is the tight-binding wave function.

T, —exp( (pk a1+qk a2+sk a3))w



Tight binding, one atomic orbital

H, |8, )exp(i(hk -G, + jk - @, + Ik - G,)) +small terms
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For only one atomic orbital in the sum over valence orbitals
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Tight binding, simple cubic
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Density of states (simple cubic)
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Calculate the energy for every allowed £ in the Brillouin zone
E=c-2t ( cos(k,a)+cos(k,a) + cos(kza))

http://lamp.tu-graz.ac.at/~hadley/ss1/bands/tbtable/tbtable.html



ight binding, simple cubic

E=c-2t ( cos(k,a)+cos(k,a)+ cos(kza))

Christian Gruber, 2008



Tight binding, fcc
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Density of states (fcc)
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Calculate the energy for every allowed £ in the Brillouin zone

[ [ha} {hﬂ] [i’ﬁ} [ka} [:%‘J,GJ [% aH
A=¢£—-4¢| cos Cos| — |+ co8 cos| =— [+cos| — |cog| =
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http://lamp.tu-graz.ac.at/~hadley/ss1/bands/tbtable/tbtable.html




Tight binding, fcc
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Christian Gruber, 2008



Tight binding, fcc

http://www.phys.ufl.edu/fermisurface/



Fermi surface of a two-dimensional square lattice
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Extended Zone Scheme

http://lampx.tugraz.at/~hadley/ss2/fermisurface/2d fermisurface/2dsquare.php



Fermi Surfaces

n=2|- & + | electrons/unit cell
kr = (372n)1/3 =3.90
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http://lampx.tugraz.at/~hadley/ss2/fermisurface/3d fermisurface/index.html
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