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Helium atom
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Helium atom

neglect the electron-electron interaction term

(VP +V2¥)- 2"y __2¢
1 ’ 47, ‘i{‘ 47, ‘172‘

—_h?

F[He _
red ~—
2m

assume a product wave function



Separation of variables (Trennung der Veranderlichen)
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Reduced Hamiltonian
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any product of atomic orbitals with Z = 2 solves the reduced Hamiltonian




Indistinguishable particles

P, ) =[PP

Y(1,n) =Y (7,1)

integer spin:

bosons Y(r,r,)=Y(,1) photons, phonons,
“He
fermions  W(7,7,)=-Y(x,,r) half integer spin:

electrons, neutrons,
protons, *He



Spin

Spin appears naturally in the relativistic formulation of
quantum mechanics but in the nonrelativistic
formulation, we just add the spins states.

T = spin up
! = spin down

Spln orbitals: éls Ta Cbls J/a CbZS Ta QSZS \La U



Slater determinants

The antisymmetric solution can be written as a determinant,
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Exchanging two columns changes the sign of the determinant.

If two columns are the same, the determinant is zero = Pauli exclusion.



Slater determinants

The antisymmetric N electron wave function can be written,
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Exchanging two columns changes the sign of the determinant.

If two columns are the same, the determinant is zero = Pauli exclusion.

Dirac notation: W (7,7, -+, 7x) = |1 5P by O T)



Helium ground state
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Matrix elements
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Helium ground state

Try other wave functions in the full Hamiltonian
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4.1 Helium

The results of the total energy of the helium ground state for different effective nuclear
charges o are plotted in 1. The minimum (and therfore best estimate) lies at

o = (1.685 = 0.005)
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Student project Michael Scherbela, 2014



Slater's rules

Effective Nuclear Charge Z.s

Is 2s.2p
H 1
He L7
L1 2.7 1.3
Be 3.7 1.95
B 4.7 2.6
C 5.7 3.25
N 6.7 39
O 17 4.55
& | 8.7 9.2
Ne 57 5.85

Slater, J. C., Atomic Shielding Constants, Phys. Rev. 36, pp. 57-64, 1930. doi:10.1103/PhysRev.36.57



Blinder, Introduction to Quantum Mechanics

Helium ground state

o240 =213y -74.83 eV
g v gm % -77.4885 eV
e N (14 cli —F|)  -78.6714 eV
1078 parameters -79.0142 eV

The true wave function cannot be written as a product of two
one-electron wave functions.



Helium excited states

One electronin 1s and one in 2s, 11, /.. 1. and 1]
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The antisymmetric solution ¥ = 0 for 7 =7,.



Transform to symmetric and
antisymmetric orbital solutions
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Helium excited states

He He
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15125! -55.98 eV
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Select an element to access data

Energy Levels of Neutral Helimn ( He I')
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Names refer to
approximate
solutions

http://physics.nist.gov/PhysRefData/Handbook/Tables/heliumtable5.htm

Configuration Term J | Level( em ! ) Ref.
152 1g 0 0.000 MO2
lsZs Ig 1| 159855.9745 | M0OZ2
lsZs la 0| 166277.4403 | M0O2
lsz2p 3pe 2 | 169086. 7666 | MOZ

1| 169086, 8430 | MOZ2

0| 169087.830% | MOZ2
ls2p 1pe 1 | ZEZ1134 28970 | a2
ls3s Ig 1| 183236.7918 | M0O2
1=3s la 0| 184864.58294 | M0O2
ls3p 3pe 2 | 185564.5620 | MOZ2

1| 185564.5840 | MO2

0 | 185564, 8547 | MO2
153 in 3| 186101.5463 | MO2

2 | 186101.5488 | MO2

1| 186101.5930 | MO2
T53id in 2 | 186104. 9668 | MOZ
ls3p lpe 1| 186209.3651 | MOZ2
lsdp lpe 1| 191492.7120 | M0O2
He IT (%S1/2) Limit 198310.6691 | MOZ
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Many electrons

Consider a gold atom (79 electrons)
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WX, 015250 %09, V395 Z2951) is @ complex function in 237 dimensions

- = 2
‘\P(’i,' ey N)‘ 1s the joint probability of finding an electron
at position 7, r,, ... I'y.



Numerical solution of the Schrodinger
equation for one electron
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Discretize W to solve
numerically. For one
electron ~ 10° elements are
~ needed.




Numerical solution for many electrons

For a numerical solution, divide Hilbert space along each axis
into 100 divisions.

21 Vi 100237 = 10474

V2

There are 10 atoms in the
X, Milky Way galaxy

There are ~ 10%° atoms in the
observable universe



Intractable problem

We know the equation that
has to be solved. We know
how to solve it but we don't
have the computer resources
to calculate the answer.

A Matlab that will calculate the
time evolution of an n-electron

v

atom

clear all % Programm zur numerischen Berechnung der zeitabhéngigen Wellenfunktion eines Atoms mit Z Elektronen
cle % Programs funktioniert mit beliebiger Anzahl an Elektronen
Z=1; % Ordnungs-/Elektronen-/Protonenzahl des Atomes
20 = 8.85418781762710% (0-12) ; % Permitrivitdr
me = 9.10938291710* (0-31); % Elektronenmasse
6.62606957710% (0-34) ; % planksches Virkungsouantum
1.602176565%10" [0-19) ; % Elementar ladung
0.52917721092 *10% (0-10) ; % hohrscher Radius
I = [-1:0.02:1].%{a0.%4]; % Intervall zur numerischen Auswertung Differential
10 = I(2:(end-1]): & Intervall zur nuwerischen luswertung Z Elemente weniger, da Z heim Differenzendquozienten verloren gehen X
I_i= I{i:({end-2)): % Intervall zur numerischen Auswertung 2 Elemente weniger, da 2 beim Differenzenquozienten verloren gehen x-dx
I1 = I3:end); & Intervall zur nmwerischen luswertung 2 Elemente weniger, da 2 beim Differenzenquozienten verloren gehen x+dx
Tk = [T1;10;T_1]: % alle 3 Intervalle werden in einer Matrix sbgespeichert
t = [0:0.01:1]; % Intervall Zeit
dindizes = 2:{numel(Ij-1): % Vektor zur Indizierung filr nicht herroffens x,y,z 1.Xbleitung
ddlndizes = 1: (numel(I}-2); % Vektor zur Indizierung f#r nicht betroffene x,y,z 2.Ableitung
for k=1:(3.7Z)
dimension = ones(1,3.7Z); % fir reshape, richtet das Intervall in die gewinschte Richtung (Dimension] aus
dimension(k) = numel(T0);
marrix = ones(l,3.%Z]. numel (I0); % fir repmat, macht aus dem Vektor eine Matrix in 3Z Dimensionen
matrix (k) = 1
X0 = repmat (reshape (I0,dimension),matrix); % 3Z dimensionale Matrix fur jede Richtung: enthalt Intervall fur phi("x")
matrizend{k} = 0 % abspeichern der Intervallmatrizen in eine Zelle, zum leichteren auslesen
end
for k=1:(3.7Z)
matrizen=matrizen;
for m=1:3
dimension = ones(1,3.%Z); % fir reshape, richtet das Intervall in die gewinschte Richtung (Dimension] aus
dimensionik] = numel(ID):
marrix = omes(1,3.%Z] . numel (I0); % fir repmat, wacht aus dem Vektor sine Matrix in 3Z Dimensionen
matrix (k) = 1;
%0 = repmat [reshape (Ik(m, :),dimension),watrix); % 3Z dimensionale Macrix fur jeds Richtung; enthilt Intervall fur phi(@+dx/x/x-dx"]
matrizentk)=X0;
phi = expi0-sgre (matrizen{l}.*2+matrizen{2}."Z+matrizen{3}.*2.)/a0); % Bsp. fur H; allgemein @ xk=37(k-1)+1, ¥k=3%(k-1]+2, zk=3%k
if m==2 % Bestimmung des Vorfaktors
a=0-2;
else
a=1;
end
if k==1 £€ w % Abspeicherung von phil
phiD=phi;
end
if k==1 £& mw==1
ddphi_sum=zeros(size (phi)];
end
ddphi_sun=ddphi_sum+{a.*phi) ./ (0.02.%4. *a0) .*2; % Summenbildung lber d*phi/dx® = (phi (x+dx)-2%phi (x)+phi{x-dx))/ (Schriccueite des Incervalles)
end
end
for k=1:2 % Berechnung der Absténde Elektron-Kern + Swmmenbildung aller Terme
NE (watrizenOf ( (k-1) .73+1)} . Z+matrizen0{ { (k-1).73+Z)}.*2+watrizen0{ {(k).73)}."2) .~ (1./2);
if k==1
rNE_sum = zeros(size (tNE]);:
end
TNE_sum = cNE_suwm + 1./cHE;

= zeros(size (rNE_sum));

TEE =
if k==1 &g m==2
rEE_sum = zerosisize (rEE]);

{(matrizend{ ((k-1).%3+1) }-watrizen0{ {(w-1].7%3+1]}) . "2+ (watrizend{ ( (k-1) .%3+2] )} -watrizen0{ ( (w-1].%342) }) . 2+ (matrizend{ ( (k)

% Fir =1 existiert keine Elektron-Elektron- Wechselwirkung --> O

% Berechnung der Absténde Elektron-Elektron + Summenbildung aller Terme

«*3) b -matrizend{ ((m) .

end
rEE sum = rEE_sum + 1./rEE;
end
end
phi_dv = (rEE_sum.*{e.”2./[h.*2.%e0}).*phi0)./ (1i] - (¥NE_sum,#(Z.%e.*2./(h.*Z.%e0)].*phi0) ./ {11) - ({h./(4.%pi.*me)).*ddphi_swe)./(1i); % Wellenfunktion d(r
for k=1l:numel (t)

PHI_t{k} = phi_dt. "t (kl;

% Lisung der zeitsbhingigen Wellenfunktion; die Wellenfunktion zwm Zeitpunkt t(k] ist in PHI t{k} gespeichert

http://lamp.tu-graz.ac.at/~hadley/ss1/studentpresentations/2011/n_electrons.m



Quantum computation

Sometimes it 1s possible to map one intractable problem onto
another.

If you map an intractable problem onto a system of interacting
electrons and then measure the energy levels of the electron
system, you can find solutions to the intractable problem.



Many-electron systems

In such a quantum system, the repeated interactions
between particles create quantum correlations, or
entanglement. As a consequence, the wave function of
the system 1s a complicated object holding a large
amount of information, which usually makes analytical
calculations impractical. In fact, many-body theoretical
physics ranks among the most computationally intensive
fields of science.

http://en.wikipedia.org/wiki/Many-body problem

From a fundamental point of view it is impossible to describe
electrons 1n a metal correctly - Ashcroft and Mermin



Many electrons
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The solutions to the reduced Hamiltonian are products of atomic orbitals.

Include electron - electron interactions with Slater's rules.



Orbital approximation

* Assign the electrons to an atomic orbital and a spin, use Slater's rules

* Construct an antisymmetrized wave function using a Slater determinant

* Evaluate the energy with the Hamiltonian that includes the electron-
electron interactions
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Electron configurations

ls2 232 lp6 332 31)1
152 232 3136 352 3:1)2
152 232 2136 332 3:1)3
152 232 3136 352 3:1)4
15° 257 3136 35° 31)5
15° 25 2136 35% 31)6
1% 28° 3136 352 31)6 45!
1% 28 2136 3¢2 31)6 45°

2

1% 28 2136 3¢2 31)6 3d! 4¢?

15° 2% 3136 352 31)6 3d° 4¢°

15° 2% 3136 352 31)6 3d” 4¢°

2

18° 2% 3136 352 31)6 3d° 4¢]

18° 2% 3136 3¢° 31)6 3d° 4¢°

18° 2% 3136 352 31)6 3d° 4¢”

2

18° 257 2136 3¢% 31)6 3d’ 4¢°

18° 287 2136 3¢° 31)6 3d® 4¢°

18° 2¢° 2136 3¢% 31)6 3! 45!

18° 2¢° 21)6 3¢% 31)6 3! 4¢?

http://lamp.tu-graz.ac.at/~hadley/ss1/molecules/atoms/review3.php

[Ne] 3g° 31)1
[Ne] 3g° 31)2
[Ne] 3% 31)3
[Ne] 3g° 31)4
[Ne] 35° 31)5
[Ne] 35° 31)6
[Ar] 45

[Ar] 4¢°

[Ar] 3d! 45°
[Ar] 3d° 45°
[Ar] 3d° 4°
[Ar] 3d° 45!
[Ar] 3d° 45°
[Ar] 3d° 4%
[Ar] 3d’ 457
[Ar] 3d°® 4¢°
[Ar] 3 45!

[Ar] 3 45°



Filling of electron shells

Ni: 3d%4s?2  Cu: 3d!94s!

Why isn't Ni 3d%4s! or 3d10?

You can evaluate the energy of any electron configuration.
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Hund's rules



Pauli exclusion

The sign of the wave function must change when two electrons are exchanged

L 1T s 1, B} B} B}
VG5 == T P E = 4D TGV -4 B) TV
R =Gl 4 ﬁ(m 6V -4 T 4 )

If two rows (or columns) are exchanged, the wave function changes
sign.

If two rows (or columns) are the same, the determinant 1s zero.

The Pauli exclusion principle only holds in the approximation where
the many electron wave function can be written as a product of single
electron wave functions, only one electron can occupy each single
electron state.

l];'(:'?:1 ) FE:‘ £ S Ff\;f) = ‘(blﬁ‘ T: qﬁls *lr: S 3@_-“\{ T}



Atomic physics summary

Solutions to the Schrodinger equation accurately describe the observed
energy levels in atoms.

We know the equation that needs to be solved but it is intractable.
A common first approximation is the orbital approximation: Assign the
electrons to an atomic orbital and a spin and construct an antisymmetrized

product of spin orbitals using a Slater determinant.

The energy 1s then evaluated including the electron-electron interactions.
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