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A simple model for a metal is electrons confined to box with periodic 
boundary conditions. 

Like the problem of photons in a box except:
Solve the Schrödinger equation instead of the wave equation.
Electrons are fermions not bosons.



Free electrons 

No potential, no e-e interactions, periodic boundary conditions.
This separates into “molecular orbital’ Hamiltonians



Free particles in 1-d 

V(x)

Fill the electrons states like in an atom.
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Non interacting fermions 



Free particles in 1-d 
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Eigen function solutions: 

Dispersion relation:
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Periodic boundary conditions 
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Periodic boundary conditions 

Density of states in k:

Spin

Number of states between |k| and |k|+dk is 

Left and right



Free particles in 1-d 

Density of states
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Van Hove singularity

2
( )D k


 Spin

1 2

2

dk m

dE E




2mE
k 





Fermi function

f(E) is the probability that a state at energy E is occupied.
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m = chemical potential
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http://lampz.tugraz.at/~hadley/ss1/materials/thermo/gp/gp/Fermi-function.html



Chemical potential
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The chemical potential is implicitly defined as the energy that 
solves the following equation.

Here N is the total number of electrons.
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Chemical potential

m is temperature dependent



Fermi energy
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EF = m(T=0).

In one dimension,

0

1 2 2
2

FE

F

m
n dE mE

E 
   

2 2 2

8F

n
E

m






In semiconductor books, EF(T) = m(T).

At T = 0

In solid state physics books, 



Free particles in 1-d 

internal energy spectral density
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analog to the Planck curve for electrons in 1-d

Not possible to do this integral analytically





Free particles in 2-d 

Density of states
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Free particles in 2-d 
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Free particles in 2-d 
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At T = 0:
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Fermi circle
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n = N/L2 = electron density
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At T = 0, all states inside the Fermi circle are occupied and 
those outside are empty.

spin



Free particles in 3-d 

Density of states
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Free particles in 3-d 

At T = 0:
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Fermi sphere
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 1/323Fk n

n = electron density
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The thermal and electronic properties depend on the states at the Fermi surface.



EF >> kBT 1/323Fk n



Institute of Solid State Physics
Technische Universität Graz

Free electron Fermi gas

-1 -1
2 2

2
( )     J m

2 F

m n
D E

E E E
 


1 - d

-1 -2
2

( )     J m
F

m n
D E

E
 
2 - d

3/ 2
-1 -3

2 2 3/ 2

2 3
( )     J m

2 2 F

m n
D E E E

E




   
 

3 - d


