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Free electron Fermi gas
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Average electron energy at T = 0
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Pressure 3-D
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See: Landau and Lifshitz, Statistical Physics 1
or Ashcroft and Mermin, Solid State Physics
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Valence electrons



Sommerfeld Expansion
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We would like to perform integrals of the form
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Integrate by parts (Partielle Integration)
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Examples:

Arnold 
Sommerfeld



Sommerfeld Expansion

Expand K(E) around E = m
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Sommerfeld Expansion

 2 1
1

x

x

e
dx

e










 2 0
1

x

x

xe
dx

e










 
2 2

2 31

x

x

x e
dx

e










 
3

2 0
1

x

x

x e
dx

e










B

E
x

k T

m


 
4 4

2

7

151

x

x

x e
dx

e












   
2 4 3

2 4

3

( ) 7 ( )
( ) ( ) ( )

6 360B B
E E

dH E d H E
H E f E dE K k T k T

dE dEm m

 m


 

    

Sommerfeld Expansion
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For m in 3-d: ( ) ( )n D E f E dE




 

 
2

2
( ) '( )

6 B Fn D E dE k T D E
m 



   

Sommerfeld Expansion: chemical potential
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Sommerfeld Expansion: chemical potential
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Aluminum



Sommerfeld Expansion: chemical potential

http://lampx.tugraz.at/~hadley/ss1/materials/thermo/dos2mu.html



Sommerfeld Expansion: internal energy
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Sommerfeld Expansion: internal energy
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Free electrons:



Sommerfeld Expansion: internal energy
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Copper
For a metal, D(EF) >0



Sommerfeld Expansion: specific heat
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The electronic specific heat is linear in temperature 

Gold



Electronic specific heat 
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from Kittel



Heavy Fermions
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Heavy fermions are materials that have effective masses 100 - 1000 times 
larger than the value expected from the free-electron theory. Examples are  
CeCu6, the UBe13,  and CeAl3. The last two are superconductors.

Something goes seriously wrong with the free electron model in these 
materials.



Entropy

Entropy density 
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Helmholtz free energy
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Helmholtz free energy density 
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Electron bands
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Band Theory, Kittel chapter 7

Calculate the dispersion relation for electrons in a crystal

silicon



Linear differential equations 
with periodic coefficients

or solutions of the form eikxuk(x)

Have exponentially decaying solutions,
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Empty lattice approximation

ReducedExtended Repeated
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Bloch Theorem
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Eigen function solutions of the Schrödinger equation have Bloch form. 

Bloch form 

1 2 3 1 2 3( ) ( )
1 2 3( ) ( ) ( )ik r ma na la ik ma na la

mnl k k k
T r e u r ma na la e r           

       
  
     

These k's label the symmetries 
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periodic function

Any wave function that satisfies 
periodic boundary conditions 
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Empty lattice approximation
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Empty lattice approximation
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