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1 The linear spring model

A simple model for describing lattice vibrations in a crystal is to assume that the atoms
are masses connected by linear springs. With this approximation we want to calculate
the phonon dispersion relation and density of states for a simple cubic lattice.

1.1 Nearest neighbours

When considering only the six nearest neighbours, the equation of motion in the x-
direction (Newton’s law) is:

m
d2uxlmn

dt2
= C[(uxl+1mn − uxlmn) + (uxl−1mn − uxlmn)]

The solutions of this differential equation are eigenfunctions of the translation operator:

uxlmn = Ax
~k

exp [i(l~k~a1 +m~k~a2 + n~k~a3)] = Ax
~k

exp [i(lkxa+mkya+ nkza)]

The expressions for the y- and z-directions are similar. Since the three equations
of motion are independent, the three-dimensional problem decouples into three one-
dimensional problems.
By substituting the eigenfunction solutions into Newton’s law, the differential equations
become algebraic equations which can be used to calculate the dispersion relation.

mω2~ulmn = M~ulmn

M =


4C sin2 (akx2 ) 0 0

0 4C sin2 (
aky
2 ) 0

0 0 4C sin2 (akz2 )


The phonon dispersion relation can be obtained by calculating the eigenvalues λ of the
Matrix M:

ω =

√
λ

m

Since the eigenvalues of a diagonal matrix are the diagonal elements, the dispersion
relation for a simple cubic lattice considering only the nearest neighbours is:

ω1 =

√
4C

m

∣∣∣∣sin (
akx
2

)

∣∣∣∣ , ω2 =

√
4C

m

∣∣∣∣sin (
aky
2

)

∣∣∣∣ , ω3 =

√
4C

m

∣∣∣∣sin (
akz
2

)

∣∣∣∣
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1.2 Nearest and next nearest neighbours

When considering the 6 nearest and the 12 next nearest neighbours, the equation of
motion in the x-direction is:

m
d2ux

lmn
dt2

= C1[(u
x
l+1mn − uxlmn) + (uxl−1mn − uxlmn)]

+ C2
2 [(uxl+1m+1n − uxlmn) + (uxl+1m−1n − uxlmn) + (uxl−1m+1n − uxlmn) + (uxl−1m−1n − uxlmn)

+ (uxl+1mn+1 − uxlmn) + (uxl+1mn−1 − uxlmn) + (uxl−1mn+1 − uxlmn) + (uxl−1mn−1 − uxlmn)
+ (uyl+1m+1n − u

y
lmn)− (uyl+1m−1n − u

y
lmn)− (uyl−1m+1n − u

y
lmn) + (uyl−1m−1n − u

y
lmn)

+ (uzl+1mn+1 − uzlmn)− (uzl+1mn−1 − uzlmn)− (uzl−1mn+1 − uzlmn) + (uzl−1mn−1 − uzlmn)]

C1 is the spring constant for the nearest and C2 the spring constant for the next nearest
neighbours. The expressions for the y- and z-directions are similar. By substituting
the eigenfunction solutions into the equations of motion, the three coupled differential
equations become algebraic equations:

mω2~ulmn = M~ulmn

The phonon dispersion relation can be obtained by calculating the eigenvalues λ of the
Matrix M:

ω =

√
λ

m
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M =



2C1[1− cos (akx)] 2C2 sin (akx) sin (aky) 2C2 sin (akx) sin (akz)
+2C2[2− cos(akx)cos(aky)− cos(akx)cos(akz)]

2C2 sin (akx) sin (aky) 2C1[1− cos (aky)] 2C2 sin (aky) sin (akz)
+2C2[2− cos(akx)cos(aky)− cos(aky)cos(akz)]

2C2 sin (akx) sin (akz) 2C2 sin (aky) sin (akz) 2C1[1− cos (akz)]
+2C2[2− cos(akx)cos(akz)− cos(aky)cos(akz)]
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2 Numerical calculation in Matlab

2.1 Matlab Files

The following Matlab program calculates and plots the phonon dispersion relation and
density of states for simple cubic considering the nearest and next nearest neighbours.
The calculation is performed for a set of different quotients of the two spring constants
C1
C2

.

1 % Phonon d i s p e r s i o n r e l a t i o n and d e n s i t y o f s t a t e s f o r a s imp l e cu b i c

2 % l a t t i c e u s ing t h e l i n e a r s p r i n g model

3
4 %−−−−−parameters−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
5 % dimens ions

6 d = 3 ;

7
8 % l a t t i c e con s t an t in r e a l space in meters

9 a = 1 ;

10
11 % quo t i e n t o f t h e s p r i n g c on s t an t s f o r n ea r e s t & nex t n ea r e s t n e i g h bou r s

12 % c quo t = c1/c2

13 c quot = [ in f , 6 , 3 , 2 , 1 ] ; %( gue s s )

14
15 % number o f p o i n t s in k−space

16 n = 1000; % fo r p l o t t i n g t h e d i s p e r s i o n r e l a t i o n s h i p

17 n dos = 10000000; % fo r c a l c u l a t i n g t h e DoS

18
19 % number o f h i s togram b in s f o r t h e DoS

20 w bin = 150 ;

21
22 % b r i l l o i n zone symmetry p o i n t s

23 g = [ 0 ; 0 ; 0 ] ;

24 x = [ 0 ; pi/a ; 0 ] ;

25 m = [ pi/a ; pi/a ; 0 ] ;

26 r = [ pi/a ; pi/a ; pi/a ] ;

27
28 % d i s p e r s i o n r e l a t i o n p l o t order ( symmetry p o i n t s )

29 po = [ g , x ,m, g , r ] ;

30 po l ab e l = { ’G ’ , ’X ’ , ’M’ , ’G’ , ’R ’ } ;
31
32 %−−−−−phonon d i s p e r s i o n r e l a t i o n−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
33 % c r e a t i n g n l i n e a r l y spaced k v e c t o r s be tween each pa i r o f symmetry

34 % po i n t s :

35 n po = s ize (po , 2 ) −1;

36 k = nan (d , ( n−1)∗n po+1) ; % kx ; ky ; kz

37 kk = zeros (1 , s ize (k , 2 ) ) ; % l e n g t h o f pa th in k−space f o r p l o t a x i s

38 kk s = zeros (1 , n po+1) ; % va l u e s o f kk a t t h e symmetry p o i n t s

39
40 k ( : , 1 ) = po ( : , 1 ) ;

41 kk (1) = kk s (1) ;

42 for ind1 = 1 : n po

43
44 i n d 1 s t a r t = ( ind1−1)∗(n−1)+2;

45 ind1 end = ind1 ∗(n−1)+1;

46
47 kk s ( ind1+1) = kk s ( ind1 )+norm( po ( : , ind1+1)−po ( : , ind1 ) ) ;

48 temp kk = linspace ( kk s ( ind1 ) , kk s ( ind1+1) ,n) ;

49 kk (1 , i n d 1 s t a r t : ind1 end ) = temp kk ( 2 : end) ;

50
51 for ind2 = 1 : d

52 temp k = linspace ( po ( ind2 , ind1 ) , po ( ind2 , ind1+1) ,n) ;

53 k ( ind2 , i n d 1 s t a r t : ind1 end ) = temp k ( 2 : end) ;

54 end

55 end

56
57
58 % c a l c u l a t i n g t h e f r e q u e n c i e s omega /( s q r t (C/m) ) f o r each k from the d i s p e r s i o n r e l a t i o n :

59 % nea r e s t n e i g h bou r s

60 w1 = fun d i sp1 (k , a ) ;
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61
62 % nea r e s t & nex t n e a r e s t n e i g h bou r s

63 numel c quot = numel ( c quot ) ;

64 w2 = nan ( s ize (k , 1 ) , s ize (k , 2 ) , numel c quot ) ;

65 for ind1 = 1 : numel c quot

66 w2 ( : , : , ind1 ) = fun d i sp2 (k , a , c quot ( ind1 ) ) ;

67 end

68
69
70
71 % p l o t t i n g t h e d i s p e r s i o n r e l a t i o n :

72 % nea r e s t n e i g h bou r s

73 ymax1 = round(11∗max(w1 ( : ) ) ) /10 ;

74 f igure (1 )

75 subplot (2 ,1+ numel c quot , 1 )

76 plot ( kk ,w1 , ’b− ’ )

77 for ind1 = 1 : ( n po+1)

78 l ine ( [ kk s ( ind1 ) kk s ( ind1 ) ] , [ 0 ymax1 ] , ’ Color ’ , ’ r ’ )

79 end

80 ylim ( [ 0 ymax1 ] )

81 xlim ( [ kk (1) kk (end) ] )

82 t i t l e ( ’Phonon d i s p e r s i o n r e l a t i o n o f sc , nea r e s t ne ighbours ’ )

83 ylabel ( ’\omega {norm} = \omega / sq r t (C/m) ’ )

84 set (gca , ’XTick ’ , kk s )

85 set (gca , ’ XTickLabel ’ , p o l ab e l )

86
87 % nea r e s t and nex t n e i g h bou r s

88 for ind1 = 1 : numel c quot

89 ymax2 = round(11∗max(max(w2) ) ) /10 ;

90 subplot (2 ,1+ numel c quot ,1+ ind1 )

91 plot ( kk ,w2 ( : , : , ind1 ) , ’b− ’ )

92 for ind2 = 1 : ( n po+1)

93 l ine ( [ kk s ( ind2 ) kk s ( ind2 ) ] , [ 0 ymax2( ind1 ) ] , ’ Color ’ , ’ r ’ )

94 end

95 ylim ( [ 0 ymax2( ind1 ) ] )

96 xlim ( [ kk (1) kk (end) ] )

97 t i t l e ({ ’Phonon d i s p e r s i o n r e l a t i o n o f sc , ’ ; ’ n ea r e s t and next nea r e s t ne ighbours ’ ; [ ’C1/C2 =
’ , num2str( c quot ( ind1 ) ) ]} )

98 ylabel ( ’\omega {norm} = \omega / sq r t (C 1/m) ] ’ )

99 set (gca , ’XTick ’ , kk s )

100 set (gca , ’ XTickLabel ’ , p o l ab e l )

101 end

102
103
104 %−−−−−d e n s i t y o f s t a t e s−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
105 % choos ing random k v e c t o r s in t h e f i r s t b r i l l o i n zone

106 k rand = 2∗pi/a∗(rand (d , n dos ) −0.5) ;

107
108 % c a l c u l a t i n g t h e f r e q u e n c i e s from the d i s p e r s i o n r e l a t i o n :

109 % nea r e s t n e i g h bou r s

110 w1 rand = fun d i sp1 ( k rand , a ) ;

111
112 % nea r e s t & nex t n e a r e s t n e i g h bou r s

113 w2 rand = nan ( s ize ( k rand , 1 ) , s ize ( k rand , 2 ) , numel c quot ) ;

114 for ind1 = 1 : numel c quot

115 w2 rand ( : , : , ind1 ) = fun d i sp2 ( k rand , a , c quot ( ind1 ) ) ;

116 end

117
118
119
120 % his togram

121 % nea r e s t n e i g h bou r s

122 [ dw1 ,wn1 ] = hist ( w1 rand ( : ) , w bin ) ;

123 dos1 = dw1/n dos ∗ w bin /(max(wn1)−min(wn1) ) ∗ 1/( a ˆ3) ; %norma l i s a t i on

124
125 subplot (2 ,1+ numel c quot ,2+numel c quot )

126 plot (wn1 , dos1 )

127 xlim ( [ 0 wn1(end) ] )

128 t i t l e ( ’Phonon dens i ty o f s t a t e s o f sc , nea r e s t ne ighbours ’ )

129 xlabel ( ’\omega {norm} = \omega / sq r t (C/m) ’ )

130 ylabel ( ’D(\ omega {norm}) ’ )

131
132 %DoS t e x t f i l e

133 f i d = fopen ( ’ s c do s on l yn ea r e s t . txt ’ , ’w ’ ) ;

134 fpr int f ( f id , ’%s\n ’ , ’Phonon dens i ty o f s t a t e s o f sc , only nea r e s t ne ighbours ’ ) ;
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135 fpr int f ( f id , ’%s\ t%s\n ’ , ’ omega/ sq r t (C/m) ’ , ’D(omega/ sq r t (C/m) ) ’ ) ;

136 fpr int f ( f id , ’%f \ t%f \n ’ , [ wn1 ; dos1 ] ) ;

137 fc lose ( f i d ) ;

138
139
140 % nea r e s t & nex t n e a r e s t n e i g h bou r s

141 dw2 = nan ( numel c quot , w bin ) ;

142 wn2 = nan ( numel c quot , w bin ) ;

143 dos2 = nan ( numel c quot , w bin ) ;

144 for ind1 = 1 : numel c quot

145 w2 rand ind1 = w2 rand ( : , : , ind1 ) ;

146 [ dw2( ind1 , : ) ,wn2( ind1 , : ) ] = hist ( w2 rand ind1 ( : ) , w bin ) ;

147 dos2 ( ind1 , : ) = dw2( ind1 , : ) / n dos ∗ w bin /(max(wn2( ind1 , : ) )−min(wn2( ind1 , : ) ) ) ∗ 1/( a ˆ3) ; %
norma l i s a t i on

148
149 subplot (2 ,1+ numel c quot ,2+numel c quot+ind1 )

150 plot (wn2( ind1 , : ) , dos2 ( ind1 , : ) )

151 xlim ( [ 0 wn2( ind1 , end) ] )

152 t i t l e ({ ’Phonon dens i ty o f s t a t e s o f sc , ’ ; ’ n ea r e s t and next nea r e s t ne ighbours ’ ; [ ’C2/C1 = ’ ,
num2str( c quot ( ind1 ) ) ]} )

153 xlabel ( ’\omega {norm} = \omega / sq r t (C 1/m) ’ )

154 ylabel ( ’D(\ omega {norm}) ’ )

155
156 %DoS t e x t f i l e

157 f i d = fopen ( [ ’ s c d o s ’ ,num2str( c quot ( ind1 ) ) , ’ . txt ’ ] , ’w ’ ) ;

158 fpr int f ( f id , ’%s\n ’ , ’Phonon dens i ty o f s t a t e s o f sc , nea r e s t and next nea re s t ne ighbours ’ ) ;

159 fpr int f ( f id , ’%s%s\n ’ , ’C2/C1 = ’ , num2str( c quot ( ind1 ) ) ) ;

160 fpr int f ( f id , ’%s\ t%s\n ’ , ’ omega/ sq r t (C 1/m) ’ , ’D(omega/ sq r t (C 1/m) ) ’ ) ;

161 fpr int f ( f id , ’%f \ t%f \n ’ , [ wn2( ind1 , : ) ; dos2 ( ind1 , : ) ] ) ;

162 fc lose ( f i d ) ;

163 end

1 function [w] = fun d i sp1 (k , a )

2 % Phonon d i s p e r s i o n r e l a t i o n f o r a s imp l e cu b i c l a t t i c e

3 % in the l i n e a r s p r i n g model c on s i d e r i n g on l y t h e n ea r e s t n e i g h bou r s .

4 % Input : matr ix k w i th wavenumber column v e c t o r s [ kx ; ky ; kz ] ,

5 % l a t t i c e con s t an t a

6 % Output : f r e q u e n c i e s w = [ w1 ; w2 ; w3 ]

7
8 w = 2∗abs ( sin ( k∗a /2) ) ;

9
10 end

1 function [w] = fun d i sp2 (k , a , c quot )

2 % Phonon d i s p e r s i o n r e l a t i o n f o r a s imp l e cu b i c l a t t i c e in t h e l i n e a r

3 % sp r i n g model c o n s i d e r i n g t h e n ea r e s t and nex t n ea r e s t n e i g h bou r s .

4 % Input : matr ix k w i th wavenumber column v e c t o r s [ kx ; ky ; kz ] ,

5 % l a t t i c e con s t an t a , s p r i n g con s t an t q u o t i e n t c q uo t

6 % Output : f r e q u e n c i e s w = [ w1 ; w2 ; w3 ]

7
8 w = nan ( s ize ( k ) ) ;

9 M = nan (3) ;

10
11 for ind1 = 1 : s ize (k , 2 )

12 % Berechnung der Matr ix M

13 M(1 ,1 ) = 2∗(1−cos ( a∗k (1 , ind1 ) ) )+2/c quot∗(2−cos ( a∗k (1 , ind1 ) )∗cos ( a∗k (2 , ind1 ) )−cos ( a∗k (1 ,
ind1 ) )∗cos ( a∗k (3 , ind1 ) ) ) ;

14 M(1 ,2 ) = 2/ c quot∗ sin ( a∗k (1 , ind1 ) )∗ sin ( a∗k (2 , ind1 ) ) ;

15 M(1 ,3 ) = 2/ c quot∗ sin ( a∗k (1 , ind1 ) )∗ sin ( a∗k (3 , ind1 ) ) ;

16 M(2 ,1 ) = M(1 ,2 ) ;

17 M(2 ,2 ) = 2∗(1−cos ( a∗k (2 , ind1 ) ) )+2/c quot∗(2−cos ( a∗k (1 , ind1 ) )∗cos ( a∗k (2 , ind1 ) )−cos ( a∗k (2 ,
ind1 ) )∗cos ( a∗k (3 , ind1 ) ) ) ;

18 M(2 ,3 ) = 2/ c quot∗ sin ( a∗k (2 , ind1 ) )∗ sin ( a∗k (3 , ind1 ) ) ;

19 M(3 ,1 ) = M(1 ,3 ) ;

20 M(3 ,2 ) = M(2 ,3 ) ;

21 M(3 ,3 ) = 2∗(1−cos ( a∗k (3 , ind1 ) ) )+2/c quot∗(2−cos ( a∗k (1 , ind1 ) )∗cos ( a∗k (3 , ind1 ) )−cos ( a∗k (2 ,
ind1 ) )∗cos ( a∗k (3 , ind1 ) ) ) ;

22
23 %Berechnung von omega/ s q r t (C1/m) aus den Eigenwer ten von M:

24 w( : , ind1 ) = sqrt ( eig (M) ) ;

25 end

26
27 end
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2.2 Figures

Figure 1: Phonon dispersion relation for simple cubic, only nearest neighbours

Figure 2: Phonon density of states for simple cubic, only nearest neighbours
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Figure 3: Phonon dispersion relation for simple cubic, nearest and next nearest neigh-
bours, C1

C2
=∞

Figure 4: Phonon density of states for simple cubic, nearest and next nearest neighbours,
C1
C2

=∞
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Figure 5: Phonon dispersion relation for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 6

Figure 6: Phonon density of states for simple cubic, nearest and next nearest neighbours,
C1
C2

= 6
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Figure 7: Phonon dispersion relation for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 3

Figure 8: Phonon density of states for simple cubic, nearest and next nearest neighbours,
C1
C2

= 3
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Figure 9: Phonon dispersion relation for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 2

Figure 10: Phonon density of states for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 2
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Figure 11: Phonon dispersion relation for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 1

Figure 12: Phonon density of states for simple cubic, nearest and next nearest neigh-
bours, C1

C2
= 1
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