Transport
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Master equation
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Electrical

Particle

Energy

Ist law:

Heat

Current densities

}e]ec — _E/EED(k)f(k)dgk
Jn = [ 9, D(k)f(k)d’k

ju = [ 5:E(k)D(k)f(k)d*k

dU = dQ — dW + udN.

jg = / 5; (E(k) — ) D(R) f(R)d*E:

http://lampx.tugraz.at/~hadley/ss2/transport/intro.php



Current densities

Electrical Jelee = —e€ / EEQD(E) f(k)d*k
- 2 ~— spin
D(k) =
(k) (5m)°
. ViE(k)
ko h

f(k) Probability that state k is occupied.

http://lampx.tugraz.at/~hadley/ss2/transport/intro.php



Liouville's theorem

(7, E, t) Probability that state & 1s occupied at position r
and time ¢.

Number of electrons: N = /d%/d%f(?,ﬁ,t)

d L oo
— k,t) =0
dtf('r} ?)

If the probability of finding an electron at a particular position
with a particular momentum decreases, the probability must
increase somewhere else.

http://lampx.tugraz.at/~hadley/ss2/transport/boltzmann.php



Boltzmann Equation
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Crystal momentum  Fext = A%
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Collision term describes the transitions between k states.

http://lampx.tugraz.at/~hadley/ss2/transport/boltzmann.php



Relaxation time approximation

%:_Fext.ka_‘—;_vf_'_af

ot h ot

collisions

In the relaxation time approximation,

of _ folk) = f(k)
ot (k)

collisions

If the driving field 1s turned off, the collision term will drive
the system back to equilibrium in time .

When V, f =V, f =0 and the initial condition is f = f;, the
solution to the Boltzmann equation 1is,

f@)=fo+ fie’”



Boltzmann equation: relaxation time approx.

The relaxation time approximation:

o _ PVl gy, L) SR)
ot h (k)

In a stationary state gi =0
t

If the system 1s not far from equilibrium, f = f,, and we can

substitute f, for f on the right

z'(lg VF

FEY = £,00) + e;'kawr(l?)v-wo

1

fo(k) = -
R




Boltzmann equation: relaxation time approx.

£~ £(F)+ 2R — Vilo o (Byy vy,
[ % fo(k) = :
V VT 0 =
Jo = oT +8,u exp[E(l;)T_ﬂ]Jrl

Temperature and
chemical potential can I, =—e (E +VxB )
depend on position

. . V(e (VxB+E)-V
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h oT alu

Concentration gradient

Temperature gradient



Boltzmann equation: relaxation time approx.
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Only the states near the Fermi surface contribute.



Boltzmann equation: relaxation time approx.

F(E,7) = fo(k,T) — %Z—ﬁv -B(E) - (eé—l—?;,u—l— b EV.T + SV E(R) x E?)

Jotee = =€ FUOD () £ () dk
spin
g P
(27)

density of states D (k) =

—

— e 7 — ( ) 8f - E(k) — p € 7 "
Jelee = Ry f?EE(k) (_f [k r)— 3; V- E(k} (EE—I— Vop+ 7 V.T+ EvEE(k) X B)) d3k.
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The contribution of f,(k) 1s zero




Current densities

Eelec = —E/'%D(ié)f(jé)dgk

. . . E(k) — -
Jelec = ghg f (k o "?"'*E(k) ( E(k) - (eE + Vip + E®) kg gy SV E(k) x 3)) k.

T r h

in= [ 5D 1%

. 8o - E(k) — p e miv e B ) 42
Jn = Mghz f (k) —‘? ( E(k)- (eE+ Vip+ —— VT + 2V E(k) x B | | d°k
o = / v E(k)D(k) f(k)d*k

T 8o : E(k) —p eq o 3) ) s
Ju =33 f (k ) E(k) (VaE(k) (eE FVipt = VT + > V.E(R) x B | &

jo = f v (E(Eé) - ,u;) D(k) f(k)d>k

T " h
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http://lampx.tugraz.at/~hadley/ss2/transport/currents.php



Electrochemical potential

. e 2O, " E(k) — p e v B ) g3
Jelee = 333 f (k) o Vi (k) ("F’kE(k)- (eE+ Vit + ———ViT + 2 ViE(k) x B | | &k

The electrochemical potential pt = —e@ + u
1s what a voltmeter measures

¢ 1s the electrostatic potential
u 1s the chemical potential

. Ofo o = . _ E(k)—u e
Juloe = ———o ghg f (k ?’EE(k) (?EE(F@)-(?;,&—I— T ?;T+ﬁvEE(k)xB d>k.

http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php



Electrical conductivity

Jelec = ghgf (k

no temperature gradient or magnetic field

Bfl] = - - E(jé] — K e —_ - 3
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http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php



Electrical conductivity

. L e - 3f[] — N 9
Jelec = mf (k)—v“E(k) (v;&'E(k) . V;,u) d’k.

ou

- 9
j; Tzx Ogzy Ozxz Oz
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e2 dfo . —-
Tij = 4333 f (k}—?*E(k] €i (?EE(k) * ej) d’k

for cubic crystals:

N 4;32;;,2 f (k) BJ:: ( E(E)"E)zdgk

http://lampx.tugraz.at/~hadley/ss2/transport/electrical.php



Free-electron model: electrical conductivity

o EE —+ 3fﬂ — . 2 9
o= f T(k}a—”(VEE(k)—z) a3k

assuming a single lifetime t

he’r fo .5 3
o= o / o kid k.

http://lampx.tugraz.at/~hadley/ss2/transport/fecond.php



Free-electron model: electrical conductivity

hie2r 0fo .5 .3
o= o= [ B,uk <d’k

The differential volume is,

d3k = k? sin 6dkdfdyp k. = kcos#,

o= 423?11*2 [ii % cos” @sin OdkdOdp.

The integral over ¢ confributes a factor of 2.

h2er f Afo

4 20 -
Y Y B k* cos” 0 sin Odkdp.

o =

The integral over @ contributes a factor of 2/3.

2 2
- hee“t fafﬂk4dk
3m2m*2 | Op




Free-electron model: electrical conductivity

2.2
o €T [Of0,4y
Ir2m*2 | Ou

The derivative of the Fermi function is.

Of _ exp(z)
M kpT(exp(z) +1)°

where

H?
_E-p_ o (kB — k7)

kpT kT

and p = hzk}/ 2m*. Differentiating to find dk

m*kgT

dk =
h2k

dx

The conductivity can be written as,

e’r exp(z)

o= 5 kdz.
3mem* J  (exp(z) + 1)




Free-electron model: electrical conductivity

e’r exp(z)

o= Ekgd:t:.
Smm* J  (exp(z) + 1)

k 1s approximately k. and 1t can be pulled out of the integral.
The remaining integral over x evaluates to 1

2 1.3
ETkF

o= 5 .
ITem*

For free electrons,
3
b
32

In terms of the electron density, the electrical conductivity is,




Thermoelectric current

A temperature gradient can cause a current to flow along a wire. The electrons move from
the hot side to the cold side. Both charge and energy are transported in this case. The
general expression for the electric current density 1s,

- e 0fo i . b (E) s € B x Bl
= k VEk V-E(k)- | V: V-T+ -V-E(k) x B| | d°k.
jae = [ 101 ()(k ()(,@+ RISV x
No magnetic field 1s applied. One end of the wire 1s grounded an the other is attached to an
ammeter which is then also grounded. There 1s no voltage drop across a perfect ammeter so

the gradient of the electrochemical potential 1s zero. The thermoelectric current produced
by this temperature gradient 1s,

- Of; . (E(k) - p ;
Jolee = f (k) s V_E(k) (VEE(k). ( - VFT)) &k




Thermal conductivity

The electrons carry heat as well as charge.

jg = 4;52 f T(ﬁ)i_ﬁ (E(E) - .u) V_E(k) (VEE(E) : (%V;T)) &k

Generally, the relationship between the thermal current density and the temperature gradient
1s described by the thermal conductivity matrix,

. aT

JQz Kzzz Kmy sz oz

. aT

Jou | = — | Ky Ky Ky By

jQz j-I{z;:[: sz Kzz ég
| 9z

The thermal conductivity matrix can be calculated from the dispersion relation as,

K, — M;QT f T(E)Z_{f (E) — ) ViBR) - & (BH) — ) VEE) - 6d°%

Here e; are the unit vectors ¢ = [z, y, z|. For cubic crystals the thermal conductivity is a

constant,

K- 4«3?&21” / T(E)z_ﬁ ((BG) —n) V,EG)-2) d**.



Thermoelectric current

4?1'3}12 f(k)afu E(E)—Pe) V;;E(E)'ﬁ)ﬁdgk-

(Similar calculation as before, See notes)

The electrical contribution to the thermal conductivity in the free electron model 1s,

?rﬁmk%T

3Im*




Free-electron model: Wiedemann—Franz law

K
— = LT.

o

Here K is the electrical component of the thermal conductivity, o is the thermal conductivity, T is the

absolute temperature, and L is the Lorentz number. For the free-electron model, the electrical and thermal
conductivities are,

n,p__g'r ?TET‘TIkEET
o = K = —-—
m* 3Im*
The Lorentz number for free electrons is.
21.2
kg

L:

= 2.44 x 107 WQK2.
e

Generally, both K and ¢ are matrices so when the crystal does not have a high symmetry, the general
relationship between them would be described by a fourth-rank tensor.



Seebeck effect

V-pi = —SV:T
&a"
1 "
= l' & /49
Jahnt d 5:*;:1; J&cnld
€ 7 9o 7 7 (k) — p e = ]
43R f (k) 5, ViE(k) (V~E(k)- (?;u + ——— Vil + £V E(k) X B)) d*k



Seebeck effect

| 9z _




Thermal conductivity again

I 1

Open boundary conditions

A heat current will also flow in this case. The expression for the heat current is,

jo = - f (k) 9fo (E(Eé) —~ p:) V. E(k) (‘FEE(E) : (V;ﬁ + %vg)) d3k.

- 4m3hK2 8—;5

In this experiment, the electrochemical potential and the temperature gradient are related by

V.u = —SV_T so this is inserted into the expression for the heat current.
i L [ (i oo E(R) — 1 3
T /T(k)a_ﬂ (E(k) - “) Vi E(k) (VEE(M : (—5?;T+ ———— VT | | d*F.

The thermal conductivity in this case is.

Kyj— —— / T(E){;—ﬁ}(E(E) _ ,u) V.E(k) - é; (V’EE(E)« (—Séj + @éj)) d3k.

- 4’?T3h2 /

new term




Thermoelectric effects

Seebeck effect:
A thermal gradient causes a thermal current to flow. This results in a voltage which
sends the low entropy charge carriers back to the hot end.

Vi=-SVT

S is the absolute thermal power (often also called Q). The sign of the voltage
(electrochemical potential, electromotive force) is the same as the sign of the charge
carriers.

The Seebeck effect can be used to make a thermometer. The gradient of the
temperature is the same along both wires but the gradient in electrochemical
potential differs.

-

\% I q: l N Thermocouple
—
T
|

Sense

ITefI

R



QT, in volts

Thermoelectric effects
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Thermoelectric effects

Peltier effect: driving a through a bimetallic junction causes heating or

cooling.

O N

1—>

N| P
T

N| P
T

|
+]

_/\N\/_

Cooling takes place when the electrons make a transition from low entropy

to high entropy at the junction.

Bismuth chalcogenides Bi,Te; and Bi,Se,

r_effect#Peltier effect

http://en.wikipedia.org/wiki/Peltie



Hall effect

. e Ofo o . . E(k)—p eq, oz
Joee = 57 / (k] ?EE(J@) (?EE(k). (v;wr ——— VT + 2 Vi E(k) x B | &3

V.T =0

- e > 9fo = > . € v o BY) 43
Jooe = 373 f (k) 5, Vi) (ViE®) - (Vi + —VE(R) x B))d*k

R, — —'Fb
" ejmBn

62 - 3f.|) . - R e . X , —1
Ripn = [ e f r(k)a—#vaE(k) ém (ViE(R) - (&+ 7 Vi E(k) x é,)) d k] |



Nerst effect

= [= 3f|] - — B E — 1 e =
e = o f (k)52 VB (?EE(k) . (v;,u, + 22 2P 4 EVE(R) B)) d*k.

jelec:[]

e ) - . E(R) - e = =\
_ kil v . A wvepe 2N Tyl Cv- k
0= 5 f k)5, ViE(E) (‘FkE[k) (vrwr VT + - ViE(k) x B| | d

Vi,
men vaBﬂ_
eNgy =
Of i ’ E(k) —p . SR I
4?1-3;12 f (k —V"’E(k) €4 V‘;;E(k) . ENyyz + Ty + ﬁv E(k) x z d3k



Annalen der Physik, vol. 265, pp. 343-347, 1886

1X. Ueber das Auftreten electromotorischer Krifte

in Metallplatten, welche von einem Wiirmestrome

durchflossen werden und sich im wmagnetischen
Felde befinden;

von A. v. Ettingshausen und stud. W, Nernst.

(Aus d. Anz. d. k. Acad. d, Wiss. in Wien, mitgetheilt von den Herren Verf.)

Bei Gelegenheit der Beobachtung des Hall’schen Phi-
nomens im Wismuth wurden wir durch gewisse Unregel-
missigkeiten veranlasst, folgenden Versuch anzustellen.

Eine rechteckige Wismuthplatte, etwa 5 cm lang, 4 cm
breit, 2 mm dick, mit zwei an den lédngeren Seiten einan-
der gegeniiber liegenden Electroden versehen, ist in das Feld
eines Electromagnets gebracht, sodass die Kraftlinien die
Ebene der Platte senkrecht schneiden; dieselbe wird durch
federnde Kupferbleche getragen, in welche sie an den kiir-
zeren Seiten eingeklemmt ist, jedoch geschiitzt vor directer
metallischer Beriihrung mit dem Kupfer durch zwischen-
gelegte Glimmerblitter.

http://dx.doi.org/10.1002/andp.18862651010



Ettingshausen effect

—

R e 9fo = - _ E(k)—p e AR
Jeee = 7373 f (k)7 o Vi E(k) (V;E(k)- (V;u + ———ViT+ 2 V;E(k) x B | d°F.

The sample is electrically grounded so Vi1 = 0.

o = oy [0 v*m)( VE(R) (%?;Tir%?gﬂ‘@] y B)) &k

352



Nernst was a
student of

Albert von Boltzmann and
Ettingshausen, von

Prof. at TU Ettingshausen. He
Graz. won the 1920

Nobel prize in
Chemistry.

(Standing, from the left) Walther Nernst, Heinrich Streintz, Svante Arrhenius,
Hiecke, (sitting, from the left) Aulinger, Albert von Ettingshausen, Ludwig
Boltzmann, Ignacij Klemencic, Hausmanninger (1887).



Thermoelectric effects

F(k,7) ~ fo(k,7) — Q Z‘E V. E(K) - (v;,r:-, + E(k%,_ Pv.r+ %?EE(E} X E)

—e

Electrical current: 7, = v(k)f(k)d k

Particle current: Jo = P jv(k)f(k)d k
1

Energy current: J.= v(kK)E (k) f(k)dk

1
47

Heat current: Jo =

JY®) (EG) =~ p)r (0)d 'k



Thermoelectric effects

jem

Electrical conductivity: o, = - VI =0,B=0
. _ “Jom =
Thermal conductivity: ~ %mn = VT B=0
. . Jom 0 B—
Peltier coefficient: I, = J,Q VI =0,B=0
-V 1t . ~
Thermopower (Seebeck s - 4, i _0.B=0
effect): VT,
E, .
Hall effect: Ry, = B VI'=0,j,=0
E
Nerst effect: Ny =——2 Joe =0



Bloch waves in 1-D

Consider an electron moving in a periodic potential V' (z). The period of the potential is @, V(z + a) = V(z). The Schrédinger equation
for this casze 1s,

ot V(z)v = E. (1)

Quantum mechanically, the electron moves as a wave through the potential. Due to the diffraction of these waves, there are bands of
energies where the electron 1s allowed to propagate through the potential and bands of energies where no propagating solutions are
possible. The Bloch theorem states that the propagating states have the form,

¥ = e Fug(z). (2)
where k is the wavenumber and ug(z) is a periodic function with periodicity a.
There 1s a left moving Bloch wave ) — e i‘&uk and a right moving Bloch wave ¢, = et up, for every energy. The following form
calculates the Bloch waves for a potential V(z) that is specified in the interval between 0 and a. A discussion of the calculation can be

kr

found below the form.

15
10 The 1-D Potential
5 Energy £= 10 [eV]
F%} 0 Mass m = 9.11E-31 [ke]
e 35
1;) Lattice constant a4 = 1.5E-10 [m]
15 Potential F{x) = 10¥cos(2¥pi*x/a) [eV]
00 05 10 15 20 215 30 Calculate Bloch waves
z/a
1.5
1.0 - Ee
0.5 Il Im
LY
0.0
L

-1.0




Velocity of k-states

15 The 1-D Potential
1{_3 Initial energy £y = -10 [eV]
5
Final energy E3= |70 [eV]
Vo) [eV] °
-5 Massm= 911E-31 [ke]
-10 Lattice constant 4 =  1.5E-10 [m]
-15 - _ * .
000 010 020 030 040 Potential I{(x) = 107cos(2"pi*x/a) [eV]
x [nm] | Calculate band structure |
70 70
60 60
50 50
40 40
E [¢V] 30 30
20 20
0 0
_10 -10
0.0 0.5 1.0 15 20 25 30 0.0 0.5 1.0 1.5 2.0
ka D(E) [eV-! nm™1]

m)s)

2500000

2000000

1500000

1000000

500000




Student Projects

Calculate some transport property for a free electron gas or for
a semiconductor.

Numerically calculate a transport property for a one
dimensional material.



