Expanding a 1-d function in a Fourier series

f(X)

»
»

X
Any periodic function can be represented as a Fourier series.

f(x)=f,+ ) ¢, cos(2zpx/ays, sin(2z px/a)

p=1
multiply by cos(2np'x/a) and integrate over a period.
h a ac
j f(X)cos(27zpx/a)dx = ijcos(27z px/a)cos (27 px/a)dx = Tp
0 0

C, = %j f (X)cos(27 px/a)dx
0



Expanding a 1-d function in a Fourier series
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For real functions: fs = f ¢ reciprocal lattice vector
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Fourier series in 1-D, 2-D, or 3-D

In two or three dimensions, a periodic function can be thought of as a
pattern repeated on a Bravais lattice. It can be written as a Fourier series

f(r)y=> f.e°

G \
Structure factors

Reciprocal lattice vectors /
(complex numbers)

(depend on the Bravais lattice)

In 1-D:



Reciprocal space (Reziproker Raum)
k-space (k-Raum)

K-space is the space of all wave-vectors.

A k-vector points in the direction a wave is propagating.

2

wavelength: 4= ‘IZ‘ momentum: P = nk

O]




Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series

()= fe'
G

/A Reciprocal lattice vector G

‘ Structure factor
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Determine the structure factors in 1-D

f(x)=>) f.e'

Multiply by e6* and integrate over a period a

j f (x)e7®%dx = j 3 fae e dx

unit cell unit cell G

=y j f. cos((G —G ")) +if,, sin(G -G ")x)dx = f..a
G unit cell /
Only G = G' is non zero.

1 ( —iGx
f :g_!.o foen (X)dX

The structure factor 1s proportional to the Fourier transform of the pattern
that gets repeated on the Bravais lattice, evaluated at that G-vector.



Plane waves (Ebene Wellen)

k —COS -I-ISlIl(lZ ) lzz—ﬂ

/ %/ 71/ \// eXp (F+ r)) exp(lzr)

Most functions can be expressed in terms of plane waves

0= [F (P

A k-vector points in the direction a wave is propagating.




Fourier transforms

Most functions can be expressed in terms of plane waves

f(r)=[F (E)e“dk’

This can be inverted for F(k)

F(E): : | f (e rdr

/ (2”)d

Fourier transform of f(r)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Fourier transforms

filter

~S N

Fourier transform: g (k) _ 2L T oKy — sin(k:/ 2)
4 -a/2 Q

T sin(ka/2) o g

Inverse transform:  f (X) = iy Sine inteeral
o ine integra

K -
Transmitted pulse:  f'(x)= J' sin(ka/2)

e K — Si(K,X+ ) +Si(k,x—73)
7K T



Notations for Fourier Transforms

.9

[ f(7)e™ dF
2 ) %

f

Fop (k) = Fus{f(7)} = \/

f

FF) = Fo {F(k)} = \/ (h)“;fm) J Fup(k)e 7k

d = number of dimensions 1,2,3
a,b = constants



Notations for Fourier Transforms

Fo (E): L [ f(7)e " dF .

(2m)
F(F) = [ Foaa (k)e™ dk.

f(r) is built of plane waves



Notations for Fourier Transforms

Fia (k) = [ £(F)e ™ dr.

) = = S Fua ()

Matlab



Notations for Fourier Transforms

Mathematica



Notations for Fourier Transforms

Fo—2x (q) = ff(F)e_ﬂmf“’TdF.

f(r) = [ Fo2x (q)e™ 7 dq .

Engineering literature, usually on the 1-d case 1s considered.



exp(—|alz)

|a|

2|a|
w(a?+#") a?+k*
sgn(z) _ )
spn(z) = —1forx < 0 and _ﬁi —=
sgn(zr) =1forz =0
—ik —i2k
sgn(x) exp(—|a|z) (@) v
_ _lal—ik |al—ik
H(I) EJL]}{ |a|z) 2m(a2+K) at+k*
N(z) = H(m + %)H(% — :r:) sin k/2) 2sin(k/2)
Square pulse: height= 1, width =1, mk k
centered at & = 0.
nE=
Square pulse: height = 1, width = a, @ exp(—akm ) 2 mgm’f ) Exp(—i kmu}
centered at xp.
exp (t’-’?ﬂ - *r) 5(% B Iﬁu) (Eﬂ)dﬁ(}é B kﬂ)
Plane wave
1 (k) 2md (k)
1

o)

[F—7a*
exp| — ——

H(R — |r — o)
Disc of radivs R centered at 7p, 7 € R?
H(R —|r —7ol)
Sphere of radius R centered at 7. 1_
FeR (2)° &

(sin(ﬁém] - |1~,'|Rms(|ié|R}) exp(—ik - 7o)

%Jlu?ém}exp{—i :

: (sin(|?é|R] . |£|chs[|?é|ﬂ)) exp(—ik-i

Here H{(z) is the Heaviside step function, §(x) is the Dirac delta function, Jj () is the first order Bessel function of the first kind. and d is the number of dimensior

Calculate a Fourier transform numerically.

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Discrete Fourier Transforms

The Discrete Fourier Transform (DFT) is an algorithm that takes a discrete sequence of points and returns the Fourier components of a continuous periodic
function that passes through all of those points. It 1s widely used in data analysis and digital signal processing. The standard form of the discrete Fourier

transform of a sequence of N points (fy, f1,---» fy 1) is.1

=

-1

F,= f e~2mm/N  g—0,1,---,N—1.

T’M

1
N
The oniginal sequence of points can be recovered via the inverse transform,

N-1
fom 3 Fygtemi
g=0

A continuous periodic function f(z) that passes through the points fyatz = 0, f; at = = 1, etc. 1s,

N-1
_ E 12mgz /N
— Fge . .fll .
g=0
2.0
4 B Re[f(x)] L Ml Re[Fq]
B Im[f(x)] s I Im[Fq]
3
1.0
2
— DFT —
F 0.5
In s — InVDFT «— 1 S
0 0.0 o e g ﬂ g 8
. 05
1.0
0 5 10 0 1 2 3 4 5 6 7 8
i q

http://lampx.tugraz.at/~hadley/ss2/linearresponse/dft/dft0.php



Properties of Fourier transforms

Linearity and superposition

F{af(r) + Bg(7)} = aF{f(7)} + BF{g(7)} where @ and 3

are any constants.
Similarity

F{F(Z)} = lal*FLF ()}

Shift

F{flr — 7o)} =F{f(r )}exp( iE-Fg).



Convolution (Faltung)

t(r)*g(r)= I t(r)g(r—r)dr

Notation [-1.-1]:  F{fg} = F{f} x Flg}. F YFG}=+F YF}=xF "G}

Notation [1,-1]: F{fg}:%f{f}*}_{g}, F YHFGy=F YFyxF G}

Notation [0,-1]: ]:{fg}:%}—{f}*f{g} F YHFGY = —=F YF}«xF Y&y

2% 27

Notation [0,-21]  F{fg} = F{f}* F{g}, F "{FG}y=F YF}xF "G}



The reciprocal lattice is the Fourier
transform of the real space lattice

crystal = Bravais_lattice(r) * unit_cell(r)

F(crystal) = F(Bravais_lattice(r))#(unit_cell(r))

271‘
a

+—P>]

| 1

reciprocal




Cubes on a bcc lattice

Multiply by e "and integrate over a primitive unit cell.

j f(Fe'®"dr=fV

unit cell

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice

4 #\a-iGT
T [ fme™rdr=1fyv
A unit cell I
a ] | V 1s the volume of the primitive unit cell.
e . a

(a

f :Vlj fon (M) exp(—iG-F)d’r

fs 1s the Fourier transform of f,, evaluated at G.
f.e 1 zero outside the primitive unit cell.

2C

fo = Vl-[ f . (F) exp(—i 5 - F)d3r == eXp(—iGXX)exp(—iny)eXp(—iGZZ)dXdde

_p|9|3'—..|;|9_)
_;;|Q|J'—'_[;|g_)
_;;|Q|Jt—‘.|;|m

Volume of conventional u.c. a’. Two Bravais points per conventional u.c.



Cubes on a bcc lattice

a ) G.a
n . a . 2 2sin| X
¢ : exp(—1G,x)[*  cos(—G,X)+Isin(-G, x)* ( 4 j
[ exp(<iG,x)dx = pEiG )" _cosl ziG (G _ 5
Y Y " " x
£ G a
4 16C sin G,a sin| —— sin(Gzaj

4 . 4 4 4
a (Pl - a’G,G,G,

e > p

il

The Fourier series for any rectangular cuboid with dimensions
L,<LyxL, repeated on any three-dimensional Bravais lattice is:

G L
8C sin (%j sin| 2 sin(%j
2 2 2

f(F)= ; VGGG, exp(ié . r)




- Spheres on an fcc lattice

G

Multiply by e " and integrate over a primitive unit cell.

fé=Vljfce”(r)exp(—ié-r)d3r:E j exp(—ié-r)d3r.

Rz«

| —

exp(—iG - F)r’ sin 8drd6d ¢

—T ot
'—v\\\ O'—;

<|o <|o

]Z(cos ‘G‘rcosé’ Isin(‘G‘rcosﬁ)) r’ sin @drd@d ¢

00 -7«

Integrate over @

fo = 27[ij(cos ‘G‘rcosé’) Ism(‘G‘rcosé’)) sin &drd @



Spheres on an fcc lattice

R«
_H(cos(‘G‘ I cos 9) —1 sin(‘G‘ I cos 9))r2 sin @drd @
00

\ !

Both terms are perfect differentials

ic:os(‘G‘ I cos H) = ‘G‘ r sin(‘G‘ I cos H)sin 6 and
do

digsin(‘G‘rcosé’):—‘G‘rcos(‘G‘rcosﬁ)siné’, O
27C %, . : ’
Integrate over 0:  f_ :T (—sm(‘G‘rcosﬁ)—lcos(‘G%osﬁ))‘ dr
0 0
actsin(elr)
fo=— | G rdr

0



.

Spheres on any lattice

) CTS \G\
V 0

Integrate over r

47C
V|G|

fo = (sm(‘G‘ ) ‘G‘Rcos(‘G‘R)).

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice 1s:

_ 47C «sin(|G|R)—|G|Rcos(|G|R

exp(ié-?).



Molecular orbital potential

U(F)—_Ze Z 1

4rs, S| -]
K

position of atom |

The Fourier series for any molecular orbital potential is:

- —Ze? exp(ié - F)
Vg T g

/

Volume of the primitive unit cell

U(r)
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The quantization of the electromagnetic field

Wave nature and the particle nature of light

Unification of the laws for electricity and
magnetism (described by Maxwell's equations) and
light

Quantization of the harmonic oscillator
Planck's radiation law

Serves as a template for the quantization of
phonons, magnons, plasmons, electrons, spinons,
holons and other quantum particles that inhabit
solids.



Maxwell's equations

Vxézyoj+yogo%z

In vacuum the source terms J and p are zero.



The vector potential

B=VxA
Eo_yy -2
ot
Maxwell's equations in terms of A Coulomb gauge V-A=0
v. 2o
ot
V.-VxA=0
\% aA:ﬁVxA
ot ot
-
VxVxA= — 1, &, oA



The wave eqguation

-
VXVXA:—,uOgOa—A

2

Using the identity VXV x A= V(V- A) ~V2A

normal mode solutions have the form: A(T,t) = Acos(K - T —af)



Normal mode solutions

-
wave equation: C2V2 A = @_A
at2

«—Normalschwingungen

normal mode Rx,= ry -
solution: A(r,1) = ACOS(k T —at) oder Normalmoden

put the solution into the wave equation

ck’ A=’ A

dispersion relation——— = ‘ IZ‘
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EM waves propagating in the x direction

A= A cos(k Xx—at)?
The electric and magnetic fields are

E = —%A = —wA, sin(K X — at)2

B=VxA=Kk A sin(k x—at)y




Quantization (using a trick)

The wave equation for a single mode.

o
¢ (k2 +K2 +K2) AK, by = g?j’t)

The equation for a single mode is mathematically equivalent to:

0°X
—szmy Kk <ckI, me> 1



Quantization

Classical mathematical equivalence — quantum mathematical equivalence

E=ho(j+1) j=0,1,2...

K
w=,|—
m
Rewriting this in terms of the electromagnetic field variables:

Kk cki meo 1

E=ho(j+1) j=0,12...

W= C‘IZ‘ J is the number of photons

— in that mode

Dispersion relation



Boundary conditions

fixed boundary conditions | periodic boundary conditions




