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Fourier series in 2-D and 3-D

Electrons in a crystal move in a 3-D periodic potential.

X-rays scatter from the periodic electron density.



Expanding a 1-d function in a Fourier series
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Any periodic function can be represented as a Fourier series.
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In two or three dimensions, a periodic function can be thought of as a 
pattern repeated on a Bravais lattice. It can be written as a Fourier series 
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In 1-D:



Reciprocal space (Reziproker Raum)
k-space (k-Raum) 
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k-space is the space of all wave-vectors.

A k-vector points in the direction a wave is propagating.

wavelength: momentum:
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Any periodic function can be written as a Fourier series

Structure factor
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Determine the structure factors

Multiply by e-iG'r and integrate over a unit cell 
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The structure factor is proportional to the Fourier transform of the pattern 
that gets repeated on the Bravais lattice, evaluated at that G-vector.
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Only G = G' is non zero.



Plane waves (Ebene Wellen) 

    exp expik r r ik r   
   

Most functions can be expressed in terms of plane waves 

A k-vector points in the direction a wave is propagating.
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Fourier transforms

Most functions can be expressed in terms of plane waves 
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This can be inverted for F(k)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php

Fourier transform of f(r)



Fourier transforms
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 Inverse transform:
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Notations for Fourier Transforms

d = number of dimensions 1,2,3
a,b = constants



Notations for Fourier Transforms

f(r) is built of plane waves



Notations for Fourier Transforms

Matlab



Notations for Fourier Transforms

Mathematica



Notations for Fourier Transforms

Engineering literature, usually on the 1-d case is considered.



Properties of Fourier transforms



Convolution (Faltung)
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http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



http://lampx.tugraz.at/~hadley/num/ch3/3.3a.php



The reciprocal lattice is the Fourier 
transform of the real space lattice

crystal = Bravais_lattice(r) * unit_cell(r)

F(crystal) = F(Bravais_lattice(r))F(unit_cell(r))
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Cubes on a bcc lattice
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Multiply by             and integrate over a primitive unit cell.iG re  
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http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice
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fG is the Fourier transform of fcell evaluated at G.
fcell is zero outside the primitive unit cell.
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V is the volume of  the primitive unit cell.
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Volume of conventional u.c. a3. Two Bravais points per conventional u.c. 



Cubes on a bcc lattice

The Fourier series for any rectangular cuboid with dimensions 
Lx×Ly×Lz repeated on any three-dimensional Bravais lattice is:
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http://lampx.tugraz.at/~hadley/ss1/crystaldiffraction/fourier.php



Spheres on an fcc lattice
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Integrate over 
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Multiply by             and integrate over a primitive unit cell.



Spheres on an fcc lattice
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Integrate over 
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Both terms are perfect differentials 
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Spheres on any lattice

Integrate over r

 
0

sin4 R

G

G rCf rdr
V G


 

    3
4 sin cos .G

Cf G R G R G R
V G


 

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:
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Molecular orbital potential

2

0

1( )
4

jr j

ZeU r
r r





 

The Fourier series for any molecular orbital potential is:

Volume of the primitive unit cell
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position of atom j
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Free electron Fermi gas

Kittel, chapter 6

A simple model for a metal is electrons confined to box 
with periodic boundary conditions. 



Free particles in 1-d 
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Eigen function solutions: 

Dispersion relation:
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Periodic boundary conditions 
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Density of states: Spin

2
L


4
L


 i kx t
kA e  

L

( )LD k dkNumber density of states between |k| and |k|+dk is 

2 2( ) 2
dkLD k dk

L







Density of states
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spin D(k) = k2/2 = density of states/m3

Number of states 
between k and k+dk
for a box of size L3.
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Free particles in 3-d 
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Free electron Fermi gas
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Fermi function
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f(E) is the probability that a state at energy E is occupied.



 = chemical potential



Fermi energy
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EF = (T=0).

In three dimensions,

In semiconductor books, EF(T) = (T).

At T = 0

In solid state physics books, 
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Fermi sphere
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spin

The thermal and electronic properties depend on the states at the Fermi surface.



Free particles in 1-d 

internal energy spectral density
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analog to the Planck curve for electrons in 1-d

Not possible to do this integral analytically



The free electron model is a one parameter model


