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Ist law:

Heat

Current densities

}e]ec — _E/EED(E)f(E)dgk
jn= [ 5 D(k)f(k)d>k
ju = [ 5:E(k)D(k)f(k)d*k

dU = d@Q) — dW + udN.

jg = / 5; (E(k) — ) D(R) f(R)d*E:

http://lampx.tugraz.at/~hadley/ss2/transport/intro.php



Liouville's theorem

(7, E, t) Probability that state & 1s occupied at position r
and time ¢.

Number of electrons: N = /d%/d%f(?,ﬁ,t)

d L oo
— k,t) =0
dtf('r} ?)

If the probability of finding an electron at a particular position
with a particular momentum decreases, the probability must
increase somewhere else.

http://lampx.tugraz.at/~hadley/ss2/transport/boltzmann.php



Boltzmann Equation

d -
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Crystal momentum  Fext = A%
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— - __F V-f—v-V- _—-
ot h ext kf v rf—}_fat collisions
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Collision term describes the transitions between k states.

http://lampx.tugraz.at/~hadley/ss2/transport/boltzmann.php



Relaxation time approximation

—

%__Fext kf—V Vf‘|‘f

ot 7 ot

collisions

In the relaxation time approximation,

of _ folk) = f(k)
ot (k)

collisions

If the driving field 1s turned off, the collision term will drive
the system back to equilibrium in time .

When F_ =V f=0 and the initial condition is /' = f;, the
solution to the Boltzmann equation 1is,

f@)=fo+ fie’”



Boltzmann equation: relaxation time approx.

The relaxation time approximation:

o __Fu Vil gy, S ()
ot h (k)

In a stationary state 9 _ 0

Ot
If the system 1s not far from equilibrium, f = f,, and we can
substitute f, for f on the right

t(K)E,, V. fy - _
7 L~ (k)V -V,

fk)=f,(k)-

1

fy (k) = -
TN




Boltzmann equation: relaxation time approx.

- . (k)F .
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Boltzmann equation: relaxation time approx.
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Only the states near the Fermi surface contribute.



Boltzmann equation: relaxation time approx.

F(E,7) = fo(k,T) — %Z—ﬁv -B(E) - (eé—l—?;,u—l— b EV.T + SV E(R) x E?)

Jotee = =€ FUOD () £ () dk

) e spin
density of states  D(k) = ;
(27)
Jetoc = — 4;ﬁ f V. E(k) (f (k,7) — (k) ‘:‘;‘E V. E(k) - (EE+ Vou+ E““%f v+ %?EE(E) x E)) d’k.

\ /

The contribution of f,(k) is zero V_E(k)- (VEE(E) x ﬁ) =0



Current densities

Jelec —

Jo —

Jeloc = v, D(F k) f(k)d*E
. B} Ek) — p
352 f (k)—v _E(k) (VEE(R:) : (EE 4 Vap+ TVFT)) d*k.
in= [ 5D 1%

- - 0 . - E(k) —
n =iz [ 705 g Bk (VEE(k)- (eE+ Vout 20 #V;T))dgk.

473 R2 O T

ju = / v E(k)D(k) f(k)d*k

1 f (k) ‘Zf E(k)VE(k) ( E(k) - (eﬁ'+ Vin+ E(k}_ ”V;T)) d’k.

jo = f v (E(Eé) - ,u;) D(k) f(k)d>k

1y 2o = - = E(k) — \
—4%2 f 7(k) %i (E(k) )VgE(k) (VEE(k)- (EEJrV;er ( }F “V;T)) L.

http://lampx.tugraz.at/~hadley/ss2/transport/currents.php



Electrochemical potential

. __ € 7 9fo ﬂ = E(k) — 3
Jelec — A3 h2 /T(k) 3#1 ( (k) (EE+VFH‘|‘ T VFT d’ k.

The electrochemical potential pt = —e@ + u
1s what a voltmeter measures

¢ 1s the electrostatic potential
u 1s the chemical potential

e = gy [ VGV k)( B(R)- (w+ E(‘T",},“VFT)) &F.

http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php



Electrical conductivity

i = oy [ 0GB k)( B(i) - (V;m E”“}”VFT)) &F.

no temperature gradient

T _ € > 9fo — 3
Jelec = mf’r(k)a—”v*‘g(k) (vkE(k) V*;‘J) d’k.
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http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php



Electrical conductivity

. L e - 3f[] — N 9
Jelec = mf (k)—v“E(k) (v;&'E(k) . V;,u) d’k.

ou
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e2 dfo . —-
Tij = 4333 f (k}—?*E(k] €i (?EE(k) * ej) d’k

for cubic crystals:

N 4;32;;,2 f (k) BJ:: ( E(E)"E)zdgk

http://lampx.tugraz.at/~hadley/ss2/transport/electrical.php



Free-electron model: electrical conductivity

o EE —+ 3fﬂ — . 2 9
o= f T(k}a—”(VEE(k)—z) a3k

assuming a single lifetime t

he’r fo .5 3
o= o / o kid k.

http://lampx.tugraz.at/~hadley/ss2/transport/fecond.php



Free-electron model: electrical conductivity

hie2r 0fo .5 .3
o= o= [ B,uk <d’k

The differential volume is,

d3k = k? sin 6dkdfdyp k. = kcos#,

o= 423?11*2 [ii % cos” @sin OdkdOdp.

The integral over ¢ confributes a factor of 2.

h2er f Afo

4 20 -
Y Y B k* cos” 0 sin Odkdp.

o =

The integral over @ contributes a factor of 2/3.

2 2
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Free-electron model: electrical conductivity

2.2
o €T [Of0,4y
Ir2m*2 | Ou

The derivative of the Fermi function is.

Of _ exp(z)
M kpT(exp(z) +1)°

where

H?
_E-p_ o (kB — k7)

kpT kT

and p = hzk}/ 2m*. Differentiating to find dk

m*kgT

dk =
h2k

dx

The conductivity can be written as,

e’r exp(z)

o= 5 kdz.
3mem* J  (exp(z) + 1)




Free-electron model: electrical conductivity

e’r exp(z)

o= Ekgd:t:.
Smm* J  (exp(z) + 1)

k 1s approximately k. and 1t can be pulled out of the integral.
The remaining integral over x evaluates to 1

2 1.3
ETkF

o= 5 .
ITem*

For free electrons,
3
b
32

In terms of the electron density, the electrical conductivity is,




