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Fourier series in 1-D, 2-D, or 3-D
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Fourier transforms

Most functions can be expressed in terms of plane waves

f(r)=[F (E)e“dk’

This can be inverted for F(k)

F(E): : | f (e rdr

/ (2”)d

Fourier transform of f(r)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php
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Here H{(z) is the Heaviside step function, §(x) is the Dirac delta function, Jj () is the first order Bessel function of the first kind. and d is the number of dimensior

Calculate a Fourier transform numerically.

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Fourier transforms

The Fourier transform of a function f() using the [1.-1] notation is,
o0
Flw) = f f(t)e ™tdt.
—00
Consider a function that is nonzero only in the interval £; < t < #3. The Fourier transform in this case is,
ty
i) = f f(t)e “dt.
ty

The following form can be used to define f(t) between ¢; and t5. The function f(¢) as well as its Fourier transform F (w) are tabulated and plotted.

£(t) = |exp(-9%txt) |2+ 7
| Calculate Fourier Transform | where #; = |-1 land ty = |1 | for frequencies lw| < |24 L

| sine || cosine || Gaussian || Gaussian derivative || square || shifted square || triangle | | beats | | even pulse || odd pulse || exp(-|tl/T) | | sgn(texp(-It]/T) || H{Eexp(-t/T) | | H{t)exp(-

The Fourier transform of a Gaussion is a Gaussian. Since the Gaussian is an even function, the Fourier transform is real.
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Fourier analysis of real data sets

Consider a series of N measurements z,, that are made at equally spaced time intervals A¢. The total time to make the measurement series is N At.
A discrete Fourier transform can be used to find a periodic function z(¢) with a fundamental period N At that passes through all of the points. This
function can be expressed as a Fourier series in terms of sines and cosines,

n<N/2
2mnt 2mnt
z(t) = lan cos( ) + by, sin( )} . (1)
nzz(] NAt NAt

Data for «,, can be input in the textbox below. When the 'Calculate Fourier Coefficients' button is pressed, the periodic function «(¢) is plotted
through the data points. The Fourier coefficients are tabulated and plotted as well. The fit algorithm first checks if the number of data points is a
power-of-two. If so. it calculates the discrete Fourier transform using a Cooley-Tukey decimation-in-time radix-2 algorithm. If the number of data
points is not a power-of-two, it uses Bluestein's chirp z-transform algorithm. The fit code was taken from Project Nayuki.

2.0

M data

Ln

.7047559921514¢68 A
.7702%805111005827

.8931618373710344

.3406823044010&674

.2055826464418861

.267535823046%096

.1156175628382647

.8703050435%010842

.7442227455673327

.3681609224807735 v
-0.08539320011647894

e T R e sl e = s

At = 0.1 s v
Calculate Fourier Coefficients

=
[ =]
.
(=)
[# ]

t [s]
http://lampx.tugraz.at/~hadley/num/ch3/3.3a.php



The reciprocal lattice is the Fourier
transform of the real space lattice

crystal = Bravais_lattice(r) * unit_cell(r)

F(crystal) = F(Bravais_lattice(r))#(unit_cell(r))
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Free electron Fermi gas

Kittel, chapter 6

Gross and Marx: Das freie Elektronengas 7.1-7.2

A simple model for a metal is electrons confined to box
with periodic boundary conditions.



Band structure calculations

Start with the full Hamiltonian.

2 2 2
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Everything you can know is contained in this Hamiltonian.

Usually this 1s too difficult to solve.
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http://en.wikipedia.org/wiki/File:Erwin_ScI_lr%C3 %B6dinger.jpg



Free particles in 1-d

mv2 - 2 - h2k2 h2 ~ n2h2
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Free particles
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Periodic boundary conditions
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Density of states
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Free particles in 3-d

Density of states
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Free electron Fermi gas
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Fermi function

f(E) 1s the probability that a state at energy E 1s occupied.

f(E)=—
l+exp| ——
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Fermi energy

In solid state physics books,

E- = n(T=0).
In semiconductor books, E-(T) = u(T).

Er
AtT=0 n:jD(E)dE

In three dimensions,




Fermi sphere
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The thermal and electronic properties depend on the states at the Fermi surface.



Free particles in 1-d

internal energy spectral density
/2
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Not possible to do this integral analytically
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analog to the Planck curve for electrons in 1-d



The free electron model is a one parameter model

1-D Schridinger equation for a free particle 2-D Scloddinger equation for a free particle 3-D Schrddinger equation for a free particle
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Empty lattice approximation

Free electrons cannot absorb photons
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Empty lattice approximation
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Empty lattice approximation
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Empty lattice approximation
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2d sguare lattice

2N electron states in a Brillouin zone
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Extended Zone Scheme

The Fermi surface strikes the Brillouin zone boundary at 90°.

http://lampx.tugraz.at/~hadley/ss2/fermisurface/2d fermisurface/2dsquare.php



