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Periodic functions in 3-D
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Fourier series in 1-D, 2-D, or 3-D
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Cubes on a bcc lattice

Multiply by e "and integrate over a primitive unit cell.

j f(Fe'®"dr=fV

unit cell

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice

4 #\a-iG T
T [ fme™rdr=1fyv
A unit cell I
a ] | V 1s the volume of the primitive unit cell.
e . a

(a

f :vlj fon (M) exp(—iG-F)d’r

fs 1s the Fourier transform of f,, evaluated at G.
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Volume of conventional u.c. a’. Two Bravais points per conventional u.c.



Cubes on a bcc lattice
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The Fourier series for any rectangular cuboid with dimensions
L,<LyxL, repeated on any three-dimensional Bravais lattice is:
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- Spheres on an fcc lattice

G

Multiply by e " and integrate over a primitive unit cell.

fé=Vljfce”(r)exp(—ié-r)d3r:E j exp(—ié-r)d3r.
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Integrate over @
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Spheres on an fcc lattice
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Both terms are perfect differentials
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Spheres on any lattice
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Integrate over r
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fo = (sm(‘G‘ ) ‘G‘Rcos(‘G‘R)).

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice 1s:
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Fourier series in 3-D

There are fourteen Bravais lattices in three dimensions. A three dimensional periodic function is can be described with a Fourier series of the form,
17) = faexp(iG -7),
G

where the Fourier coefficients are given by,

fa=

Vtc f ) p (G- F)aF.

unit cell
Example 1: cubes repeated on a bee lattice

Cubes are arranged on a bece lattice such that the corners of the cubes just touch. This is a three dimensional analog to the square wave problem that was solved in one dimension.
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A three-dimensional periodic function fis defined such that it has a constant value C inside the cubes and is zero outside the cubes. This function can be expressed as a Fourier series,
f)=3 fyexp(iG-F).
G
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The Fourier coefficients f; are given by,



Plane waves (Ebene Wellen)

A k-vector points 1n the direction a wave 1s propagating.



Reciprocal lattice (Reziprokes Gitter)

Most functions can be expressed in terms of plane waves

f(r)=[F (k)" dk
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Fourier Transforms



Fourier transforms

Most functions can be expressed in terms of plane waves

f(r)=[F (E)e“dk’

This can be inverted for F(k)

F(E): : | f (e rdr

/ (2”)d

Fourier transform of f(r)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Notations for Fourier Transforms
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[ f(7)e™ dF
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Fop (k) = Fus{f(7)} = \/

f

FF) = Fo {F(k)} = \/ (h)“;fm) J Fup(k)e 7k

d = number of dimensions 1,2,3
a,b = constants



Notations for Fourier Transforms

Fo (E): L [ f(7)e " dF .

(2m)
F(F) = [ Foaa (k)e™ dk.

f(r) is built of plane waves



Notations for Fourier Transforms

Fia (k) = [ £(F)e ™ dr.

) = = S Fua ()

Matlab



Notations for Fourier Transforms

Mathematica



Notations for Fourier Transforms

Fo—2x (q) = ff(F)e_ﬂmf“’TdF.

f(r) = [ Fo2x (q)e™ 7 dq .

Engineering literature, usually on the 1-d case 1s considered.



Properties of Fourier transforms

Linearity and superposition

F{af(r) + Bg(7)} = aF{f(7)} + BF{g(7)} where @ and 3

are any constants.
Similarity

F{F(Z)} = lal*FLF ()}

Shift

F{flr — 7o)} =F{f(r )}exp( iE-Fg).



Convolution (Faltung)

t(r)*g(r)= I t(r)g(r—r)dr

Notation [-1.-1]:  F{fg} = F{f} x Flg}. F YFG}=+F YF}=xF "G}

Notation [1,-1]: F{fg}:%f{f}*}_{g}, F YHFGy=F YFyxF G}

Notation [0,-1]: ]:{fg}:%}—{f}*f{g} F YHFGY = —=F YF}«xF Y&y

2% 27

Notation [0,-21]  F{fg} = F{f}* F{g}, F "{FG}y=F YF}xF "G}



Convolution
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exp(—|alz)
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Here H{(z) is the Heaviside step function, §(x) is the Dirac delta function, Jj () is the first order Bessel function of the first kind. and d is the number of dimensior

Calculate a Fourier transform numerically.

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



